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PREFACE 



In this book authors study the properties of finite real 
quaternion ring which was introduced in [2000]. Here a 
complete study of these finite quaternion rings are made. Also 
polynomial quaternion rings are defined, they happen to behave 
in a very different way. In the first place the fundamental 
theorem of algebra, “a nth degree polynomial has n and only n 
roots”, n is untrue in case of polynomial in polynomial 
quaternion rings in general. Further the very concept of 
derivative and integrals of these polynomials are untrue. 

Finally interval pseudo quaternion rings also behave in an 
erratic way. Not only finite real quaternion rings are studied, but 
also finite complex modulo integer quaternion rings, 
neutrosophic finite quaternion rings, complex neutrosophic 
quaternion rings for the first time arc introduced and analysed. 
All these rings behave in a very unique way. This book contains 
several open problems which will be a boon to any researcher. 
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Chapter One 



On Femie (^teknkjn Rings 



In 2000 [126] the finite quaternion ring was defined for the 
first time which is as follows: 

Definition 1.1: Let P - {p 0 + pii + p?j + p 3k \ po, pi, pi, p 3 e 
Z„, n a finite number, n > 2; +, xj with usual addition and 
multiplication modulo n defined in the following way is defined 
as the ring of real quaternions of characteristic n; n a finite 
positive integer where 

r - j 2 - lc = f n-1 ) = ijk and ij - ( n-1 ) ji = 
k, jk = ( n-1 ) kj = i, 

=k,{ n-1 )ik = j; 



0 - Oi + Oj + Ok is the additive identity ofP and 

1 - 1 + Oi + Oj + Ok is the multiplicative identity ofP. 

This will also be known as finite quarternion ring. 

We just illustrate how we define ‘+’ and on P. 

Let x = po + pq + p^j + p 3 k 
and y = q 0 + qd + q^j + q 3 k g P; 
where p ; , qj g Z n ; 0 < i < 3. 

X + y = (Po + Pii + poj + p 3 k) + (q 0 + qii + q^j + q 3 k) 

= (Po + qo) + (Pi + qi)i + (P2 + q2)j + (P3 + 03 )k 
(where pj + q ; = q (mod n), 0 < i < 3) 
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- r 0 + rii + r^j + r 3 k; r ; eZ n ,0<i<3. 

This is the way addition of defined. 

x.y = (p 0 + pii + pp + p 3 k) (q 0 + qp + q^j + q 3 k) 

= Poqo + piqoi + p 2 qoj + p3qok + p 0 qii + piqp 2 + P 2 qiji + 
p 3 qiki + p 0 qq + piq 2 ij + p 2 qp 2 + p 3 q 2 kj + p 0 q 3 k + p,q 3 ik + 
p 2 q 3 jk + p 3 q 3 k 2 

= (Poqo + (n-l)p,qi + (n-l)p 2 q 2 + (n-l)p 3 q 3 ) + (p n q , + 
Piqo + p 2 q 3 + (n-l)p 3 q 2 ) i + (p 0 q 2 + qo P 2 + P3qi + (n-l)piq 3 )j + 
(p 0 q 3 + qoP 3 + (n-l)p 2 q! + p 3 q 2 ) keP. 

This is the way + and V operations arc performed on P and 
P is a non commutative finite ring. 

We will illustrate this situation by some examples. 

Example 1.1: Let P = {p 0 + pp + pp + p 3 k I p ; eZ 3 = {0, 1, 2], 
0 < i < 3; i 2 = j 2 = k 2 = 2 = ijk. ij = 2ji = k, jk = 2kj = i, ki = 2ik 
= j, +, x} be the ring of order 81 under + and x. 

P is a non communicative finite quaternion ring. It is 
important to observe P has zero divisors. For x = i+ j + keP 
is such that x 2 = 0. Thus at this point the first author theorem 2 
[126] is not correct for it is made under the assumption 
a 2 0 +af +a 2 + a 2 has inverse which is not correct. Thus the 
statement of theorem 2 of [126] is not valid. 

We will prove this by examples. 

Example 1.2 : Let P = [p 0 + p 3 i + pij + p 3 k I p ; e Z n , 0 < i < 3, 
i 2 = j 2 = k 2 = ijk = 10. ij = lOji = k, jk = lOkj = i, ki = lOik = j, 
+, x] be the ring of finite quaternions. P has zero divisors. 



Consider x = i + j + k e P. 




On Finite Quaternion Rings \ 9 



x 2 = (i + j+k) 2 

= i 2 + ji + ki + ij + j 2 + kj + ik + jk + k 2 
= 10+ 10k + j + k+ 10+ 10i + i+ lOj + 10 
= 30 (mod 11). 

= 8 * 0 . 

But y = 3i + 3j + 2k e P is such that y 2 = 0 we see 
3 2 + 3 2 + 2 2 = 9 + 9 + 4 = 0 (mod 1 1). 

Consider z = 4i + 4j + k e P, clearly z 2 = 0 we see 
4 2 + 4 2 + l 2 = 0 (mod 1 1). 

That is we see sum of the square of the coefficients of i, j 
and k is 0 in Zn then that element is nilpotent of order two. 
Thus P is only a ring and has zero divisors. 

Thus we show this by a simple theorem. 

THEOREM 1.1: Let P - {a 0 + af + a^j + afk I a, £ Z„; 0 <i < 
3. r - j 2 - lc - ( n-1 ) - ijk, ij = ( n-1 )ji - k, jk - ( n-1 )kj - i, 
ki =(n-l)ik — j, +, xj be the finite ring of quaternions has zero 
divisors. 

Proof: Let x = ti + sj + mk e P; x is a nilpotent element of 
order two and t, s, nr e Z n is such that t 2 + s 2 + nr 2 = 0. That is P 
has zero divisor for x 2 = (ti + sj + nrk) 2 = t 2 i 2 + tsji + trnki + stij 
+ s 2 j 2 + smkj + tmik + msjk + nr 2 k 2 

= (n-l)t 2 + ts (n-l)k + tnrj + stk + (n-l)s 2 + snr (n-l)i + 
tnr (n — 1 )j + msi + nr 2 (n-1) 

= (n-1) (t 2 + m 2 + s 2 ) + tsk ((n-1) + 1) + tnrj ((n-1) + 1) + 
snri ((n-1) + 1) 

= 0 as given t 2 + nr 2 + s 2 = 0 (mod n) and t, s, nr e Z n so 
ts - st, snr = ms and tnr = nrt 
and n-1 + 1 = 0 (mod n). 



Hence the claim. 
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Now we will find all the zero divisors of the form 
(ai + bj + ck) g P where P is built using Z 3 . 

X = i+ j + kisa zero divisor of P. 

Y = 2i+j + kePis such that Y 2 = 0. 

Z = i + 2j+ kePisa zero divisor, T = i+ j + 2kePis 
also a zero divisor. 

U = 2i + 2j + 2k g P is a zero divisor of P. 

M = 2i + 2j + k is such that M 2 = 0, N = 2i + j + 2k and 
R = 2j + 2k + i are all zero divisors. 

Infact P has 8 zero divisors of this form. 

Now it is left as an open conjecture to find number of zero 
divisors of the form ai + bj + ck g P over any Z n . 

Example 1.3: Let P = {a 0 + ap + aij + a 3 k I a ; g Z 4 , 0 < i < 3, 

i 2 = j 2 = k 2 = 3 = ijk; ij - 3ji = k, jk = 3kj = i, ki = 3ik = j; +, x} 

be the finite ring of real quaternions. 

(2 ■+■ 2i), (2 + 2k), 2k + 2j, 2 + 2j, 2i + 2j, 2i + 2k, 2 + 2i + 
2j, 2 + 2j + 2k, 2 + 2 j + 2k, 2i + 2j + 2k, 2 + 2i + 2j + 2k are all 
zero divisors different from other zero divisors. 

x = 3 + i+ j + kGPis such that x 2 ^ 0 that is x is not a zero 
divisor in P. 

Can we have x = ai + bj + ck g P with a, b, c g Z 4 \ {2} 
such that x 2 = 0? 

This remains an open problem for any Z n (n not a prime). 

Example 1.4: Let P = {a 0 + a,i + aq + a 3 k I a ; g Z 6 ; 0 < i < 3, 

i 2 = kj 2 = k 2 = 5 = ijk, ij = 5ji = k, jk = 5kj = i, ki = 5ik = j } be 

the finite quaternion ring. 



Consider x = 2i + 2j + 2k g P. 
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x 2 ~ 4 x 5+ 4 x 5 + 4 x 5 + 4ij + 4jk + 4ki + 4ji + 4kj + 4ik 

= 20 + 20 + 20 + 4k + 20k + 4i + 20i + 4j + 20j 
= 0 is a zero divisor. 



y = 4i + 4j + 4k e P; we find y 2 = 0 so is zero divisor. 

z = i + 2j + kePis such that z 2 = 0 so is zero divisor. 

t = 2i + j + kePis such that t 2 = 0 is a zero divisor. 

s = i + j + 2kePis such that s 2 = 0 is a zero divisor. 

Now m = 4i + 2j + 2k e P is a zero divisor in P. 

Now a = 2i + 4j + 2k and b = 2i + 2j + 4k e P are zero 
divisors in P. 

Let x = 4i + 2j + 2k e P. 

Consider x 2 = (4i + 2j + 2k) 2 

= 16x5 + 4x5 + 4x5 + 8ij + 8ik + 8ji + 8ki + 4jk + 4kj 

= 80 + 20 + 20 + 8k + 8 x 5k + 8 x 5j + 8j + 4 x 5j + 4i 

= 0 (mod 6) is a zero divisor and 4 2 + 2 2 + 2 2 = 0 (mod 6). 

Likewise y = 2i + 4j + 2k and z = 2i + 2k + 4k are all zero 
divisors of P. 

x = 5i + 2j + k e P. We see x 2 = (5i + 2j + k) 2 = 0 is a zero 
divisor of P. 

y = 2i + 5j + k is also a zero divisor. 

5i + j + 2k is a zero divisor 2i + 5k + j is again a zero 
divisor. 



We see 5 ? + 2^+1= 25 + 4+1=0 (mod 6). 
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a\ - 5i + 5j + 2k, a 2 - 5j + 2i + 5k and a 3 = 2j + 5i + 5k are 
zero divisors and 5 2 + 5 2 + 2 2 = 0 (mod 6). 

Thus we see x = aoi + aj + a 2 k is a zero divisor only if 
a 2 + af + a 2 =0 where a 0 , a 1; a 2 g Z 6 . 

Now we see in Z 6 all element x = a 0 i + aj + a 2 k g P with 
a 2 + a 2 + a 2 =0 (mod 6) are such that x 2 = 0. 

Example 1.5: Let P = {a 0 + a 3 i + a^j + a 3 k I a ; g Z 8 ; 0 < i < 3, 
i 2 = j 2 = k 2 = 7 = ijk, ij = 7 ji = k, jk = 7kj = i, ki = 7ik = j; +, x} 
be the finite ring of quaternions. 

Let x = 4i + 2j + 2k g P. 

x 2 = 16x7 + 4x7 + 4x7 + 8k + 8x7xk + 4i + 

4x7x1 + 8j + 8x7xj 

= 112 + 28 + 28 + 64k + 64j + 32i 

= 0 (mod 8) is a zero divisor. 

Thus P has zero divisors. 

All elements of the form x = a 0 i + aj + a 2 k; 0 < i < 2, 
a; g Z 8 are zero divisors provided a, 2 + a, + a 2 2 =0 (mod 8). 

We see P has also other zero divisors of the form 

(4i + 2j) (2i + 4j) = 0, 

(2k + 4j + 4i + 2) x (2 + 4j) = 0 and so on. 

x = (6i + 2j) g P is a zero divisor for y = (4j + 4k) g P is 
such that xy = 0. This ring has different types of zero divisors. 



x = 4i and y = (6j + 6k + 2i + 4) g P is such that x.y = 0. 
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Example 1.6: Let P = {a 0 + aq + a^ + a 3 k I a ; e Z 12 ; i 2 = j 2 = k 2 
= 11 = ijk, ij = 11, (ji) = k, jk= 11, (kj) = i, ki = 11, (ik) = j, +, x; 

0 < t < 3} be the ring of finite quaternions. 

P has several zero divisors. P has subrings which are not 
ideals. 

For Si = {ai + blb, a e Z 32 } is a subring and is not an ideal. 

5 2 = {a + bj I a, b e Z 12 } is again a subring and is not an 
ideal. 

5 3 = {a + b k I a, b e Z [2 } is a subring and is not an ideal. 

It is little difficult to find ideals but P has ideals. 

Consider S = {a 0 + aq + a^j + a 3 k I a, e {0, 2, 4, 6, 8, 10}; 

0 < i < 3; i 2 = j 2 = k 2 = 1 1 = ijk. ij = 1 l(ji) = k, jk = 1 l(kj) = i, ki 
= 1 1 (ik) = j } c P is a ideal of P. 

M = {a 0 + aq + a^j + a 3 k I a t e {0, 3, 6, 9}; 0 < t < 3} c P is 
an ideal of finite order. 

M n S is an ideal of P, however MuSis not an ideal of P. 

We can find also idempotents in P. 

Let x = 4i + 4j e P. 

x 2 = (4i + 4j) 2 = 16i 2 + 16j 2 + 16k + 16 x 1 1 x k 
= 4 x 11+4x11+ 4k + 8k 
= 4. 

Let x = (9i + 9j + 9k) e P. 

x 2 = 81i 2 +81j 2 + 81k 2 +81k + 81 x 11 xk+81k + 

81 x 11 xl + 81j + 81 x 11 xj 
= 9+9+9 
= 9. 
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y =(i+j + k)eP. 

y 2 = i 2 + j 2 + k 2 + k + 1 lk + j + 1 lj + i + lli 

= 33 = 9. 

Thus we see one can get the square of the sum of real 
quaternion is an element in Z 32 . 

It is an interesting aspect to study units of P. 

x = 1 li is a unit for y = i e P is such that xy = llixi=llx 
11 = 1 . 



Certainly every ring of finite quaternions has units. 

THEOREM 1.2: Let P — {tu, + of + af + a^k I a, e Z„, 0 <i <3, 
r = f - k 2 - ijk = n-1, ij = (n-l)ji - k, jk = (n-l)kj = i, 
ki - (n-l)ik = j; +, xj be the ring of real quaternions. P has 
units. 

The proof is direct and hence left as an exercise to the 
reader. However x = (n-l)i, y = (n— 1 )j and z = (n-l)k are units 
in P. For xi = i is such that xxi = 1 and yi = j is such that 
yyi = 1 and Z\ - k is such that zzi = 1. 

Example 1.7: Let P = {a 0 + aq + a^j + a 3 k I a ; e Z n ; i 2 = j 2 = k 2 
= 10 = ijk. ij = 10(ji) = k, jk = 10(kj) = i. ki = 10(ik) = j; x, +} 
be the finite ring of quaternions. P has zero divisors. P is a 
Smarandache ring as Zn c P is a field. Hence P is a S-ring. 

However P is not a field every element x = a 0 i + aj + a 2 k 
with a 2 +af +a 2 =0 (mod 11) is a nilpotent element of order 
two. 

For instace xi = 3i + j + k. x 2 = i + 3j + k and x 3 = i + j + 3k 
are all nilpotent elements of order two. 



We have subrings of finite order. 
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However we do not know whether they have ideals? 

THEOREM 1.3: Let P = (ao + af + af + 03 k I a,- € Z n ; 
0 < i < 3, r = f - k 2 - n-1 = ijk , ij = (n-l)(ji) = k, 
jk = (n-l)(kj) = i, ki = (n-l)(ik) = j; +, xj be the ring of finite 
quaternions. IfZ n is S-ring then P is a S-ring. 

Proof is direct and hence left as an exercise to the reader. 

Now we can using the finite ring of quaternions built vector 
space of the real quaternions. This would be useful to us for we 
can have also eigen values to be the finite real quaternions. 
However the linear algebra of finite real quaternions may not be 
always a commutative linear algebra. 

We can also in case of finite ring of quaternions get all the 
properties associated with finite non commutative ring. 

We also have finite complex number of real quaternions 
which is defined as follows: 

Definition 1.2: Let 

C(Z„) - (a + bi F where a, b eZ„, q = n-1} be the finite ring of 
complex modulo integers. P c = {a 0 + a/i + af + a<k I a, € 
C(Z n ); 0 <i <3, r = j 2 = k 2 = n-1 = ijk , ij = (n-l)(ji) - k, 
jk - (n-l)(kj) - i, ki - (n-l)(ik) - j; +, x} under + and x is a 
ring of finite order. We define P c to be the finite complex 
modulo integer ring of quaternions. 

We just show has sum and product are defined on P c . 

Let x = (ao + boip) + (ai + biipji + (a 2 + iLipjj + (a 3 + b 3 ip)k 

and y = (c 0 + d 0 i F ) + (c, + dji F )i + (c 2 + d 2 i F )j + (c 3 + d 3 i F )k 
ePc 

We define x + y = ((ao + c 0 + (b 0 + d 0 )i F ) + ((ai + cO + (bi + 
d i)i F )i + ((a 2 + c 2 ) + (b 2 + d 2 )i F )j + (a 3 + C 3 + (b 3 + d 3 )i F )k g Pc- 
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Clearly x + y = y + xas 

(a + bi F ) + (c + di F ) = (c + di F ) + (a + bi F ) for every a + bi F 
and c + di F e C(Z n ). 

Consider x x y 

= [(a 0 + boi F ) (a F + bii F )i + (a2 + b2i F )j + (a3 + b3i F )k] x 

[(co + doi F ) + (ci + dii F )i + (C2 + d2i F )j + (C3 + d3i F )k] 

= (a 0 + boi F ) (c 0 + d 0 i F ) +[(ai + bpip) (c 0 + d 0 i F )]i + 

[(a2 + b2i F ) (co + doi F )j + [(a3 + b3i F ) (co + doi F )]k + 

(ao + boip) (c, + dii F )i + [(aj + blip) (ci + dii F )](n-l) + 
[(a2 + b2i F ) (ci + dii F )(n-l)k + [(a3 + b3i F ) (ci + dii F )]j + 
(ao + boip) (C 2 + d2ip)j + (ai + blip) (C 2 + d2i F )k + 

(a2 + b2i F ) (C2 + d2i F )(n— 1) + (a3 + b3i F ) (C2 + d2ip) (n— l)i 
+ (ao + b 0 i F ) (c 3 + d 3 i F )k + (ai + bp F ) (c 3 + d 3 i F ) (n-l)j + 
(a2 + b2i F ) (C3 + d3i F )i + (a3 + b3i F ) (C3 + d3i F ) (n— 1). 

Collecting the elements of C(Z n ) + coefficient of i + 
coefficient of j + coefficient of k; we get the product to be in P c . 

We can easily verify 0 = 0 + Oi + Oj + Ok is the additive 
identity of P c and 1 = 1 + Oi + Oj + Ok acts as the multiplicative 
identity. 

We will give some examples of them. 

Example 1 . 8 : Let P c = {a 0 + ap + aq + a 3 k I a; e C(Z 4 ); 0 < i < 
3 , i 2 = j 2 = k 2 = 3 = ijk, ij = 3 (ji) = k, jk = 3 (kj) = i, ki = 3 (ik) = j; 
+, x } be the finite complex modulo integer of real quaternions. 
P c has zero divisors. 

For x = 2 + (2 + 2 ip)i and y = (2 + 2 i F )k + (2 + 2 i F )j in P c are 
such that x x y = 0 is a zero divisor. Let x = 3 i e Pc, we have 
y = i, such that xy = 3 xi 2 = 3 x 3 = l;a unit. 

Thus P c is a ring with units and also has zero divisors. It is 
easily verified P c has ideals and subrings which are not ideals. 
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Now if x = (2 + i F ) + (3 + 2i F )i and 
y = (i F + l)k + (3ip + 2)j are in P c then 
x + y = (2 + ip) + (3 + 2ip)i +(i F + l)k + (3ip + 2)j 

x x y = [(2 + ip) + (3 + 2ip)i] x [(ip + l)k + (3ip + 2)j] 

= (2 + ip) (ip + l)k + (3 + 2ip)i (ip + l)k + (2 + ip) (3ip + 2)j 
+ (3 + 2ip) (3ip + 2)ij 

= (2 + i F + 2ip + 3)k + (3 + 3ip + 2ip + 2 x 3)3j + (4 + 2ip 
+ 6ip + 3 x 3)j + (9i F +6 + 6x3 + 4ip) k 
- (1 + 3i F )k + (3 + 3i F )j + jj + ipk e Pc- 

This is the way sum and product are got in P c . 

P is a finite ring. 

Example 1.9: Let P c = {ao + ap + aq + a 3 k I a; e C(Zn); 0 < i < 

3, i 2 = j 2 = k 2 = 10 = ijk, ij = 10(ji) = k, jk = 10(kj) = i, ki = 

10(ik) = j; +. x} be the finite complex modulo integer ring of 
real quaternios. 

o(P c ) < oo. P c is non commutative has units and zero 
divisors. 

Clearly Zn c P c so P c is a Smarandache ring. 

Example 1.10: Let P c = {a 0 + ap + a 2 j + a 3 k I a, e C(Zi 2 ); 
0 < t < 3, i 2 = j 2 = k 2 = 11= ijk, ij = ll(ji) = k,jk= ll(kj) = i, 
ki = 11 (ik) = j; +, x } be the finite complex modulo integer ring 
of finite real quaternions. 

Pc has zero divisors, units, ideals and is non commutative. 

Interested reader and can develop all the properties 
associated with finite non commutative rings. 

Now we can develop the notion of neutrosophic ring of 
finite real quaternions. 

Definition 1.3: Let N(Z„) - (Z n u I) be the ring of 
neutrosophic modulo integers. 
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N(Z n ) — {a + bl \ a, b gZ„ and I - I, I is an interminate}. 

Consider P N = {a 0 + af + aj + a 3 k I a t € (. Z n u I) where 
il = Ii, jl = Ij, Ik = kl, 0 <t <3, i 2 = f = k 2 = (n-1) = ijk, 
ij = (n—l)(ji) = k , jk = (n-1) (kj) = i, ki = (n-1) (ik) = j, 1 2 = /; 
+, x}. P i\i under “l - and x is a t ing defined as the neutr osophic 
modulo integer ring of real finite quaternions. 

We will illustrate this by a few examples. 

Example 1.11: Let P N = {a 0 + a t i + a 2 j + a 3 k I a, e (Z 9 u I) 0 < t 
< 3, i 2 = f = k 2 = ijk. ij = 8(ji) = k, jk = 8(kj) = i, ki = 8(ik) = j; 
+, x} be the finite ring of neutrosophic real quaternions. P N is 
non commutative and has zero divisors, idempotents and units 
further IP N I < 00. 

Example 1.12: Let P N = {a 0 + aii + a^j + a 3 k I a* e (Zi 3 u I) 
0 < t < 3, i 2 - j 2 = k 2 - ijk, ij = 12(ji) - k, jk = 12(kj) = i, ki = 
12(ik) = j; +, x} be the finite neutrosophic rings of real 
quaternions. 

Let x = (31 + 2) + (41 + l)i + (51 + 3)j and 
y = (5 + 10I)k +(4I + 2)j e P N . 

xxy = ((31 + 2) + (41 + l)i + (51 + 3)j x ((5 + 10I)k 
+ (41 + 2)j) 

= (31 + 2) (5 + 101) k + (41 + 1) (5 + 101) x 12j + 

(31 + 2) (2 + 4I)j + (41 + 1) (2 + 4I)ij 

= (151 + 10 + 201 + 30I)k + (201 + 5 + 101+ 401) 1 2j + 

(61 + 4 + 81 + 1 21 )j + (81 + 2 + 161 + 4I)k 

= 10k + (8 + 8I)j + 4j + (21 + 2)k 
= (12 + 2I)k+ (12 + 8I)j e P N . 

y x x = ((5 + 10I)k +(4I + 2)j) x [(31 + 2) + (41 + l)i 
+ (51 + 3)j] 
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= (5 + 101) (31 + 2)k + (2 + 4I)(3I + 2)j + 

(5 + 101) (41 +l)j + (2 + 41) (41 + 1) 12k 

= (151 + 201 + 301 + 10)k + (61 + 121 + 4 + 8I)j + 

(201 + 401 + 5 + 101) j +(8I + 41 + 161 + 2) 12k 

= 10k + 4j + (51 + 5)j + (21 + 2) 12k 

= 10k + 4j + (51 + 5)j + (111 + ll)k 

= (8 + llI)k + (9 + 5I)j. 

Clearly x x y = y x x so P N is a non commutative ring. P N is 
a Smarandache ring as Z 13 cz P N . 

P N has subrings which are not ideals as well as P N has 
subrings which are ideals. All of them are finite order. 

Example 1.13: Let P N = {a 0 + ad + a 2 j + a 3 k I a, e (Z] 2 u I) 
0 < t < 3, i 2 = j 2 = k 2 = ijk, ij = ll(ji) = k, jk = ll(kj) = i, 
ki = ll(ik) = i, l 2 = I; +. x} be the finite real quaternion 
neutrosophic ring of modulo integers. P N has zero divisors units 
and idempotents. 

All properties of finite non commutative rings can be 
derived for these rings also in a systematic way without any 
difficulty. 

Next we define the notion of neutrosophic finite complex 
modulo integer real quaternions ring. 

Definition 1.4: Let C( (Z n ul)) - {a + bl + ci F + dIi F I a, b, c, 
d € Z„, 7 - 7, ip = n-1, (I i F )~ = (n-l)I; +, x} be the finite 
neutrosophic complex modulo integer ring. P NC = {ao + af + 
cit] + a 3 k I a, € C( (Z n ul)): 0 <t <3, r - j 2 - lc = ijk = (n - 1), 
ij =(n-l)(ji) - k, jk - (n-l)(kj) - i, ki = (n-l)(ik) = j; il = Ii, 
Up - i F i, jl = Ij, ji F = i F j, ki F = i F k, ki - Ik} be the ring under + 
and P NC is defined as the finite neutrosophic complex 
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modulo integer ring of real quaternions. IPjvd < 00 and Pnc is a 
non commutative ring. 

We will illustrate this by examples. 

Example 1.14: Let P NC = ( a () + a i i + a 2 j + a 3 k I a; e <Z 3 u I), 

0 < t < 3, i 2 = j 2 = k 2 = ijk, ij = 2(ji) = k, jk = 2(kj) = i, ki = 2(ik) 

= j, I 2 = I; +, x} be the finite neutrosophic complex modulo 
integer real quaternion ring of finite order. 

Let x = (2 + ip + I) + ( 1 + ip + 21) i + (2ipl + ip)j and 

y = (2 + i F +1 + 2i F I)k e Pnc- 

x + y = [(2 + ip + I) + ( 1 + ip "T 21) i + (2ipl + ip)j] + 

[(2 + i F +1 + 2i F I)k], 

x x y = [(2 + ip + I) + (1 + ip + 21) i + (2ipl + ip)j ] x 
[(2 + i F +1 + 2i F I)k] 

= (2 + ip + I) x (2 + ip + I + 2ipl)k + (ip + 1 + 21) 

(2 + ip +1 + 2Iip)2j + (2ipl + ip) (2 + ip + I + 2ipl)i 

= (4 + 2ip + 21 + 2ip + 2+ lip + 21 + lip + I + 4ipl + 

41 + 2Iip)k + (2ip + 2 + 41 + 2 + ip + 2Iip + lip + I + 
21 + 4Ii F + 2Ii F + 41) 2j + (4i F I + 2i F + 41 + 2 + 

2i F I + i F + 81 + 4I)i 

= (i F + 21 + 2ipl)k + (2 + I)j + (I + 2)i. 

This is the way product is performed on P NC . 

Clearly P N c is only a ring for x = i + j + k in P NC is such that 
x 2 - 0. 

Thus Pnc has zero divisors, units and has subrings. 



Z 3 cr P N c so P N c is a Smarandache ring. 
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Example 1.15: Let P NC = {a 0 + a|i + a^j + a 3 k I a, e C«Z 12 u I), 
0 < t < 3, i 2 = j 2 = k 2 = ijk = 11, ij = 1 l(ji) = k, jk = ll(kj) = i, 
ki = ll(ik) = j, I 2 = I, ip = 11, (i F I) 2 = 111; +, x} be the finite 
neutrosophic complex modulo integer ring of real quaternions. 

o(Pnc) < Pnc has units zero divisors, subrings and ideals. 
Pnc is a non commutative ring and all properties of non 
commutative rings can be obtained as a matter of routine. 

Z 12 c P NC is a subring of P NC and is not an ideal of P NC . 
(Z 12 ul)c P NC is only a subring and not an ideal of P NC . 

C«Zi 2 u I)) is subring of P NC and is not an ideal of P NC . 

Si= {a + bi I a, b e Z 12 , i — 1 1 } c Pnc is a subring and not 
an ideal of P NC . 

Sj = {a + bj I a, b e Z 12 , j 2 = 11} is again only a subring of 

Pnc- 



Sk = {a + bk I a, b e Z 12 , k 2 = 11} c P N c is not an ideal of 
Pnc only a subring. 

T; = {a + bi I a, b e C(Zi 2 ), (ii F ) 2 = l,i 2 = 11} isa subring of 

Pnc- 



Tj = {a + bj I a, b e C(Zi 2 ), ip =11, j 2 = 11, ji F = i F j and 
(ji F ) 2 = 1 } is a subring of P N c and not an ideal. 

T k = {a + bk I a, b e C(Z 12 ), k 2 = 11, i 2 = 11, (i F k) 2 = 1} c 
Pnc is a subring of P N c and not an ideal of P N c- 

Mj = {a + bi I a, b e <Zi 2 u I), i 2 = 11, I 2 = I, (Ii) 2 = 111} c 
Pnc is not an ideal of P NC only a subring. 

Mj = {a + bj I a, b e <Z 12 uI),j 2 = 1 1 , 1 2 = I, (Ij) 2 = 111} isa 
subring and is not an ideal. 
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Now 

M k = {a + bk I a, b e <Z 12 u I), k 2 = 1 1, 1 2 = I, (Ik) 2 = 1 11} c 
Pnc is not an ideal of P NC only a subring of P NC . 

We can have several subrings which are not ideals. 

Clearly P NC has units and zero divisors. Further P NC also 
has idempo tents. 

Example 1.16: Let P NC = [ a 0 + a i i + a 2 j + a 3 k I a t e C( (Z , 9 u I), 
0 < t < 3, i 2 = j 2 = k 2 = ijk = 18. ij = 18(ji) = k, jk = 18(kj) = i, 
ki = 18(ik) = j, I 2 = I, i 2 = 18, (Ii F ) 2 = 181, (Iji F ) 2 = L (Iii F ) 2 = I 
and so on; +, x} be the finite complex modulo integer ring of 
real quaternions. P NC has zero divisors and units. P NC is a 
Smarandache ring as Z i9 cr P NC is a field. Infact P NC has 
subrings which are S-subrings. 

For Lj = {(Zi 9 u I) I i 2 = 18} is a subring which is a 
S-subring of P NC . 

Similarly Lj = {a + bj I a, b e Z 19 , j 2 = 18} c= P NC is also a 
subring which is a S-subring and 

L k = {a + bk I a, b e Zi 9 , k 2 = 18} cr P NC is a S-subring of 
P NC . None of these S-subrings are ideals or S-ideals of P NC . 

Interested reader can find S-ideals if any in P NC . 

Example 1.17: Let P NC = { a (l + a i i + a 2 j + a 3 k I a t e C((Z 2 4 u I), 
0 < t < 3, i 2 = j 2 = k 2 = ijk = 23, ij = 23(ji) = k, jk = 23(kj) = i, 
ki = 23 (ik) = j, (Ik) 2 = 231, I 2 - I 2 , (Ii) 2 - 231, (Ij) 2 = 231, 
(Ii F ) 2 = 231, (ii F ) 2 = 1, (i F j) 2 = 1, (i F k) = 1 and so on; +, x} be the 
finite neutrosophic complex modulo integer ring of real 
quaternions. 



P NC has ideals zero divisors, units and idempotents. 
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We see clearly 

Z n c Pc P c c P NC 

* 

as rings and the containment relation is strict. 

Z n c P c P N c P NC 

* 

This relation is also a strict containment relation. 

Now we know Z n , P, P N , P c and P NC are groups under 
addition. 

In the following we define the notion of vector space (linear 
algebra) of real finite quaternions and S -vector spaces (S -linear 
algebras) of real quaternions. 

DEFINITION 1.5: Let P = {a 0 + af + a^j + a 3 k I a, € 

C( (Z 2 4 ul ), 0 <t <3, i 2 = Jf - k 2 - ijk = p-1, ij = (p-l)(ji) = k, 
jk - (p-l)kj - i, ki = (p-l)ik = j, +} be the additive abelian 
group. P is a vector space over the field Z p called the vector- 
space of finite real quaternions. P is finite dimensional over Zp. 
Infact P is a non commutative linear algebra over Z p . P is 
known as the linear algebra of finite real quaternions over Z p . 

We see IPI < go and infact P is finite dimensional real 
quaternion vector space (linear algebra) over Z p . 

We will first illustrate this situation by some examples. 

Example 1.18: Let P = (a 0 + a) + a 2 j + a 3 k I a, e Z 3 , i 2 = j 2 = k 2 
= ijk = 2, ij = 2(ji) = k, jk = 2(kj) = i, ki = 2(ik) = j, +} be the 
finite real quaternion vector space over the field Z 3 . 

Example 1.19: Let P = {ao + ap + a^j + a 3 k I a t e Z [9 , 0 < t < 3, 
i 2 = j 2 = k 2 = ijk = 18, ij = 18(ji) = k, jk = 18(kj) = i, ki = 18(ik) 
= j; +, x} be the finite real quaternion non commutative linear 
algebra of finite dimension over Zi 9 . B = {i, j } is a basis. 

For (B) = {i, j, i + j, 2i, 3i, ..., 18i, j, 2j, ..., 18j, ai + bj, a, b 
g Z [9 , i 2 = 18, 1, ji = 18k, k, ...}. So B = {i, j} is a basis. 
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Similarly C = {j, k} and D = {i, k} are basis of P over Z i9 . 

Example 1.20: Let P = {a 0 + ad + a^j + a 3 k I a t e Z 5 , 0 < t < 3, 
i 2 = f - k 2 = ijk = 4, ij = 4(ji) = k, jk = 4(kj) = i, ki = 4(ik) - j; +, 
x } be the linear algebra of finite real quaternions over the field 
Z 5 . 



We see B = {i, j} is a basis of P over Z 5 . 

For (B) = {i, j, 4, 1, 2, 3, (i 2 = 4), k, ji = 4k hence ao + ap + 
aij + a 3 k with a, e Z 5 } = P. Thus B is a basis. Flence dimension 
of P over Z 5 is two. 

Inview of this we can have the following theorem. 

THEOREM 1.4: Let P - {ao + af + af + ajk I a, € Z p , r = f = 
k 2 = (p-1) = ijk, ij = (p-1) (ji) = k, jk = (p-1) (kj) = i, ki = 
(P-1) W =./, +, x; 0 < t < 3} be a linear algebra of finite real 
quaternions over Z p . P is of dimension two over Z p . 

Proof is direct and hence left as an exercise to the reader. 

THEOREM 1.5: Let P - {ao + aj + azj + ask I a, e Z p , 0 <t < 3, 
f =/ = lc = (p-1) = ijk, ij = (p-1) (ji) = k, jk = ( p-l)(kj ) = i, 
ki = (p-l)(ik) - j, +} be the finite real quaternion vector space 
over the field Z p . Dimension of P over Z p is four. 

Proof: Take B ={ 1, i, j, k} c P, clearly B is a basis of P over Z p 
and dimension of P over Z p is four. 

Example 1.21: Let P = {a 0 + aq + a^j + a 3 k I a t e Z 7 . 0 < t < 3, 
i 2 = j 2 = k 2 = ijk = 6. ij = 6ji = k, jk = 6kj = i. ki = 6ik = j, +} be 
a vector space of finite real quaternions over the field Z 7 . 



Bi = { 1, i, j, k}, B 2 = {2, i,j,k}.B 3 = {3, i, j, k}, 

B 4 = {4, i, j, k} and so on are all basis of P over Z 7 . 

T = {6, 3i, 4j, 5k} is also a basis of P over Z 7 . 
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We can using the real quaternion groups to built matrices 
and polynomials. 

Example 1.22: Let M = { (xx, x 2 , x 3 , x 4 ) I Xj g P = {a 0 + aq + a^j 
+ a 3 k I a t g Z 33 , 0 < t < 3, + } 1 < i < 4} be a finite real 
quaternion vector space of row matrices over the field Z 13 . M is 
finite dimensional over Z 13 . 



P ={(1, 0. 0. 0), (i, 0. 0. 0), 0, o. 0. 0), (k. 0. 0. 0), (0. 1, 0. 
0). (0. i. 0. 0), (0. j. 0. 0), (0. k, 0. 0). (0. 0. 1, 0). (0. 0. i, 0), (0. 
0. j. 0), (0. 0, k. 0). (0. 0. 0. 1), (0. 0. 0. i), (0. 0. 0. j), (0. 0. 0. 
k) } is a basis of M over Z 13 . 



Clearly dimension of M over Z\ 3 is 16. 



Example 1.23: Let M = {(xi, x 2 , ..., x 36 ) I x ; g P = {a 0 + ap + 
aoj + a 3 k I a t g Z 43 , 1 < i < 36. +} be the vector space of row 
matrices of real quaternions over the field Z 43 . 

We see T has a finite basis given by 

B = {(1. 0, ..., 0), (i. 0 0). (j. 0. ..., 0). (k. 0. ..., 0), 

(0. 1.0. ...,0), (0. i, 0, ....0), ...,(0, 0. ...,k)}. 

Example 1.24: Let 



V = 



a; g P = {b 0 + bp + bq + b 3 k I b, g Z J7 ; 0 < t < 3}. 



1 <i<6.+} 



be the column matrix of vector space of finite real quaternions 
over the field Zi 7 . 



17 - 



B is finite dimensional over Z 
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Example 1.25: Let 



L = 



a; g P = {b 0 + b|i + bij + b 3 k I b, e Z n \ 



i 2 = j 2 = k 2 = ijk = 10, ij = lOji = k, jk = lOkj = i, ki = lOik = j, 
0 < t < 3}, 1 < i < 4, +, x n } be the linear algebra of column 
matrix of real quaternions over the field Zn. 

L is finite dimensional over Z n . A basis of L over Zn is 




" 0 " 




' 0 " 




' 0 " 




' 0 " 


i 




j 




0 




0 


0 


9 


0 


9 


1 


9 


i 


1 

O 




0 




0 




0 




The dimension of L over Zn is 12 as a linear algebra. 

If L is considered only as a vector space over Zn dimension 
of L over Z u is 16. 
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Example 1.26: Let 

a, a 2 a 3 

V=< 4 , 5 , 6 a ; e P = {b n + bii + b^j + b 3 k I b t e Z 4[ ; 

_ a i3 a w a i5_ 

0 < t < 3}, 1 < i < 15, +, x n } 

be a finite real quaternion vector space linear algebra over the 
field Z 41 . This has finite basis. 

Likewise we can use also define super matrices and obtain 
the finite real quaternion vector space over the P and find a 
basis. 



Further on similar lines we can build using P c the finite 
complex modulo integer of real quaternion vector spaces over 
the field Z p . 

We will just illustrate this situation by an example or two. 
Example 1.27: Let 

V = {a 0 + ap + aij + a 3 k I a t e C(Zi 9 ), 0 < t < 3, i P = 18, +} be 
the vector space of complex finite modulo integer of finite real 
quaternions over the field Z 19 . V is a finite dimensional complex 
modulo integer quaternion vector space over Z [9 . 

On V we can define product so that V can be made into a 
linear algebra of complex modulo integer real quaternions over 
Zi 9 . 



Example 1.28: Let 

V = {ao + aq + a^j + a 3 k I a, e C(Z 2 3 ), 0 < t < 3, +, x} 

be a finite complex number of real finite quaternions. This has 
finite basis both as a vector space as well as a linear non 
commutative algebra over the field Z 23 . 
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Example 1.29: Let M = {P c , +. x I P c = a 0 + a,i + ap + a 3 k I a, 

e C(Z 29 ), 0 < t < 3, i 2 = 28, i 2 = j 2 = k 2 = ijk = 28, ij = 28ji = k, 

jk = 28kj — i, ki = 28ik = j, +, x} be the finite complex modulo 
integer vector space (linear algebra) of finite real quaternions 
over the field Z 29 . M is infinite dimensional over Z 29 . 

As in case of real quaternions here also we can build using 
matrices with entries from P c . 

All these will be illustrated by examples. 

Example 1.30: Let M = { (di, d 2 , d 3 , d 4 ) I d; e P c = {ao + ap + 
a^j + a 3 k I a t e C(Z 47 ), 0 < t < 3, i 2 = j 2 = k 2 = ijk = 46, ij = 46ji = 
k, jk = 46kj = i, ki = 46ik = j, i 2 = 46, (i F j) 2 = 1, (i F l) 2 - 1, (i F k) 2 

= 1, (i F k) 2 = I J. I < i < 4. +, x } be a finite complex modulo 
integer vector space (linear algebra) of finite real quaternions 
over the field Z 47 . M is finite dimensional over Z 47 . 

Example 1.31: Let N = {(X|, x 2 , x 20 ) I x ; e P c = {ao + ap + 

aoj + a 3 k I a t e C(Z 7 ), 0 < t < 3}, 1 < i < 20, +, x} be the finite 

complex modulo integer finite real quaternion row matrix vector 
space (linear algebra) over the field Z 7 . 

N is finite dimensional over Z 7 . 

Example 1.32: Let 



T = 



a,eP c = {b 0 + bp + bp + b 3 k I b t e C(Z 53 ); 



0 < t < 3}, 1 < i < 10, +, x n } 



be the finite complex modulo integer column matrix vector 
space (linear algebra under natural product) of finite real 
quaternions over the field Z 53 . T is finite dimensional over the 
field Z 53 . 
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Example 1.33: Let 



ctj 3-2 &3 

S = < , 5 , 6 , 7 , 8 a; e P c = {b 0 + bii + bp + b 3 k I 

|_a 37 a 38 a 39 a 40 j 



b t e C(Z 3 ); 0 < t < 3}, 1 < i < 40, +, x n } 

be the finite complex modulo integer column matrix vector 
space (linear algebra under natural product x n ) of finite real 
quaternions over Z 3 . S is finite dimensional over Z 3 . 

S is finite dimensional over Z 3 both as a vector space as 
well as the linear algebra over Z 3 . 

We can also define the notion of super matrix finite 
complex modulo integer real quaternion vector spaces and 
lineal - algebras. This is a matter of routine hence left as an 
exercise to the reader. 

Next we define the notion of neutrosophic finite real 
quaternion vector spaces and linear algebras over the field Z p . 
This situation is exhibited by the following examples. 

Example 1.34: Let S = {ao + ap + ap + a 3 k I a, e P N , {b 0 + b 3 i + 
bp + b 3 k I b t e (Zn u I), 0 < t < 3}, +, x} be a neutrosophic 
finite real quaternion vector space (linear algebra) over the field 
Zn. 

We see (il) 2 = 101. 1 2 = I, (kl) 2 = 101 and (jl) 2 = 101. 

Clearly S is finite dimensional over Z n . 

Example 1.35: Let W = (a e P N = [a (l + a) + a 2 j + a 3 k I a t e 
C«Zi 9 u I); 0 < t < 3}. +, x} be the neutrosophic vector space 
of finite real quaternions over the field Zi 9 . 
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We can as in case of usual spaces define neutrosophic finite 
real quaternion matrix vector spaces over the field Z p . 

This is illustrated by some examples. 

Example 1.36: Let S = { (ai, a 2 , a 3 ) I a* e P N = {b 0 + bii + b^j + 
b 3 k I b t e (Z 43 u I) 0 < t < 3},1 < i < 3j be the neutrosophic 
finite real quaternion row matrix vector space over the field Z 43 . 
S is finite dimensional over Z 43 . 

Example 1.37: Let 



a ; e P N = {bo + bii + b^j + b 3 k I b, e <Z 23 u I); 



0 < t < 3}, 1 < i < 9, x n } 

be the neutrosophic finite real quaternion column vector space 
over the field Z 23 . 

V is finite dimensional over the field Z 23 both as a vector 
space as well as the linear algebra over Z 23 . 

Example 1.38: Let 

a 2 a 3 a 4 

, 6 J , 8 aj e Pn = {b 0 + b|i + bq + b 3 k I 

a 38 a 39 a 4oJ 

b t e <Z 5 u I>; 0 < t < 3}, 1 < i < 40. +, x n } 

be the neutrosophic finite real quaternion vector space (linear 
algebra) of matrices over the field Z 5 . 
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M is finite dimensional over the field Z 5 . M is also finite 
dimensional as a linear algebra over the field Z 5 . 

Now super matrices of neutrosophic real finite quaternions 
can also be built. This is considered as a matter of routine and 
left as an exercise to the reader. 

Next we proceed onto introduce the notion of finite 
neutrosophic complex modulo integer real quaternion vector 
spaces and linear algebras over the field Z p . 

This will be only illustrated by examples. 

Example 1.39: Let V = { x I x e P NC = {a 0 + a,i + a^j + a 3 k I a t e 
C«Z 23 u I)); 0 < t < 3}, +} be the neutrosophic complex 
modulo integer finite real quaternion vector space over the field 
Z 23 . 



V is finite dimensional over Z 23 . 

Example 1.40: Let V = { x I x e P NC = {a 0 + a,i + a^j + a 3 k I a t e 
C((Z 3 u I»; 0 < t < 3; +} be the finite neutrosophic complex 
modulo real quaternion vector space over the field Z 3 . 

M is finite dimensional over Z 3 . M is also a linear algebra 
which is non commutative over Z 3 . 

We can have matrix of finite real complex modulo integer 
neutrosophic quaternion vector space (linear algebra) over the 
field Z p . 

This will be exhibited by some examples. 

Example 1.41: Let V = {(x h x 2 , x 3 , x 4 , x 5 , x 6 ) I x, e P nc = {a 0 + 
ap + aij + a 3 k I a t e C«Z 29 u I)_; 0 < t < 3}.l < i < 6, + } be the 
finite complex neutrosophic modulo real quaternion vector 
space of row matrices over the field Z 29 . 

Clearly dimension of V over Z 29 is finite. 
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Example 1.42: Let 



M = 



a„ a, a. 



a ; g P NC = {b 0 + bii + b^j + b 3 k I 



b t e C«Z 13 u I»; 0 < t < 3}, 1 < i < 21, +, x n } 



be the real finite neutrosophic complex modulo integer real 
quaternions vector space of matrices over the field Z !3 . 



Dimension of M over Z 13 is finite. Clearly under the natural 
product x n . M is a linear algebra which is non commutative and 



is of finite dimension over Z 13 . 
Example 1.43: Let 





a l 


a 2 


a 3 


a 4 






a 5 


a 6 


a 7 


a s 






a 9 


a io 


a il 


a i2 






_ a i3 


a i4 


a i5 


On 

1 










b t e 


C«z 
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^ Pnc — {bo + bii + b^j + b 3 k I 
I»; 0 < t < 3}, 1 <i< 16, +, x n } 



be the finite complex modulo neutrosophic real quaternion 
vector space (linear algebra) over the field Z 17 . 

V is finite dimensional over Zi 7 . 



Example 1.44: Let 





" a l 


a 2 a 3 


a 4 " 




w = 


a p g Pnc = {b 0 + bp + btj + b 3 k 


1 


V a 5 


a 6 a 7 


a 8 y 





b t g C«Z 13 uI»; 0 < t < 3}, 1 < p < 8, +, x n } 
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be the finite complex modulo integer neutrosophic real 
quaternion vector space (linear algebra) over the field Z 13 . 

Next we proceed on to find substructures in these vector 
spaces (lineal - algebras). 

This will be illustrated by examples. 

Example 1.45: Let V = {x I x e Pnc = {ao + ap + a^j + a 3 k I a t e 
(Zi 3 u I); 0 < t < 3}. i 2 = j 2 = k 2 = ijk = 12, ij - 12ji = k, jk = 
12kj = i, ki = 12ik = i, I 2 = I, (Ij ) 2 = 121 and so on +, x} be the 
vector space or linear algebra of finite real quaternions. 

We have Wi = {x I x e (Z i3 u i) = a + bi; i 2 = 12} c M is a 
subspace of M over Z 13 . 

We have many such subspaces. 

W 2 = {x I x e (Z 13 u k) = a + bk; k 2 = 12} cMis also a 
subspace of M. 

Example 1.46: Let 



T = { (ai, a 2 , a 3 , a 4 ) la m eP= {b 0 + bp + bp + b 3 k I b, e Z 7 ; 

0 < t < 3} 1 <m<4, +, x} 

be the finite real quaternion vector space over the field Z 7 . 

Pi = {(ai, 0, 0, 0) I ai g P) c T is a subspace of finite real 
quaternions. 

P 2 = {(0, a 2 , 0, 0) I a 2 g P} c T is a subspace of finite real 
quaternions. 

P 3 = {(0, 0, a 3 , 0) I a 3 g P} c T is a subspace of finite real 
quaternions. 

P 4 = {(0, 0, 0, a 4 ) I a 4 g P} c T is a subspace of finite real 
quaternions. 
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T = Pi + P 2 + P 3 + P 4 is a direct sum and 
PinPj = {(0, 0, 0, 0)} 



We also have subspaces of T which cannot be written as a 
direct sum. 

Consider Li = { (ai, 0, 0, 0) I ai g (Z 13 u k)} c T is a 
subspace of T. 

L 2 = {(0. a 2 , 0, 0) I a 2 g <Zi 3 ui)}cTisa subspace of T. 

L 3 = {(0, 0, a 3 , 0) I a 3 g (Z 13 u j)} c T is a subspace of T. 

L 4 = {(0, 0, 0. a 4 ) I a 4 g Z 13 } cTisa subspace of T. 

However L ; n Lj = {(0. 0, 0, 0)}, i j, 1 < i, j < 4 but 

W = Lj + L 2 + L 3 + L 4 c T and hence is not a direct sum. 

We can have the concept of direct sum only in some cases. 

Further Lj is orthogonal with Lj if i ^ j, 1 <i, j <4. 

However Lj is not the orthogonal complement of Lj. We 
cannot have the complement of Li to be such that L; u Lj = T 
this is impossible 1 < i < j . Lj ={xeTI (x.y) = (0, 0, 0, 0) for 
all y g L;}. 

Now Lj = {(0. a, b, c) I a, b, c g P} c T and L ; n Lj = (0, 0, 
0, 0) and L ; + Lj g T is only a proper subset of T. 

We can derive all the properties of vector spaces without 
any difficulty. This work is considered as a matter of routine. 

We can define linear transformation provided both the real 
quaternion spaces are defined over the same field Z p . 

Now we can find (subalgebra) subspaces in case of vector 
spaces of complex modulo integer real quaternions, 
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neutrosophic vector spaces of real quaternions and complex 
modulo integer neutrosophic vector space of real quaternions. 

All these will be described by an example or two before we 
develop the concept of linear transformation and linear 
operators. 

Example 1.47: Let 



a; g Pc = {bo + bp + bp + b 3 k I b s e C(Z 31 ); 



0 < s < 3}. 1 < i < 6, +, x n } 

be the finite complex modulo integer real quaternion matrix 
vector space (linear algebra) defined over the field Z 3(; . 

We see V has subspaces which are as follows: 

[ a il 

0 

Wi = < . ai e C(Z 3 i)} cV isa subspace of V over Z 33 . 
0 





a 2 g C(Z 31 )} c V 



is again a subspace of V 
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W 3 = ■ 

F = Z 3 i. 

W 4 = < 

w 5 = ■ 



0 

0 

a 3 



a 2 g C(Z 31 )} cV is also a subspace of V over 



0 



0 

0 

0 

a 4 

0 

0 



a 4 g C(Z 3 i)} cV isa subspace of V over Z 3i . 



0 

0 

0 

0 

a s 

0 



as g C(Z 3 i) } cV isa subspace of V over Z 33 . 



0 

0 

0 

0 

0 

a 6 



and W 6 -- < 



a 6 g C(Z 31 )} cV isa subspace of V over Z 31 . 
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Clearly W,nWp 



0 " 

0 

0 

0 

0 

0 



ifi*j; 1 <i,j<6. 



Further Wi + W 2 + ... + W 6 cz V and is not V so is not a 
direct sum. 

Infact all these six subspaces Wi, W 2 , ..., W 6 are only real 
subspaces of finite complex modulo integer subspaces. 

None of them is the subspaces of real quaternions. 



Now we see Si - 



ai e <Z 31 u i)} c V; 



S 2 = 



0 

a 2 

0 



ai e <Z 3 i uj)} cV; 



S 3 = 



0 

0 

a. 



a 3 e <Z 31 u k)} c V; 
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a 4 6 Z 31 } c V; 



a 5 g C(Z 31 )} c V and 



a6 g C(Z 3 i) } c V are all subspaces of V and 



none of them real quaternion subspaces. 



We see S ; n Sj = < > if i ^ j; 1 < i. j < 6. 



We see Si + S 3 + . . . + S6 c V and is not a direct sum. 
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ai e Pc} c V 
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B ft = 



a 6 e Pc} cz V are all subspaces of V. 



0 

0 

0 

0 

0 

a* 



All of them are quaternion subspaces and 



B, n B, = 



ifi^j;l<i,j<6 and 



V = B | + B 2 + . . . + B 6 is a direct sum. 
Example 1.48: Let 



S = 



a - a 9 



a i a. 



a ; g P N = {b 0 + bp + bp + b 3 k I 



b s g (Z 7 u I); 0 < s < 3}. 1 < i < 12. +, x n } 



be the finite neutrosophic real quaternion vector space (linear 
algebra) over the field Z 7 . 
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a, 0 0^ 



0 0 0 
0 0 0 
0 0 0 



a! g (Z7 uI>jcS, 



To 


a 2 


0" 


0 


0 


0 


0 


0 


0 


1 

O 


0 


0 



To 


0 


a 3~ 


0 


0 


0 


0 


0 


0 


1 

O 


0 


0 



1 

o 


0 


0" 


a 4 


0 


0 


0 


0 


0 


1 

O 


0 


0 



To 


0 


0" 


0 


a 5 


0 


0 


0 


0 


1 

O 


0 


o ' 



To 


0 


1 

O 


0 


0 


a 6 


0 


0 


0 


1 

O 


0 


0 



a! g (Z 7 u I)} c S, 



a 3 g <Z 7 u I)} c S, 



a 4 g (Z 7 u I)j c S, 



a 5 g <Z 7 u I)} c S, 



as g (Z 7 ul)j cS and so on. 
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Tio = 



0 0 0 
0 0 0 
0 0 0 



a io 0 0 



aio g <Z 7 uI))cS 



T„ = 



0 0 0 
0 0 0 
0 0 0 
0 a u 0 



a n g (Z 7 uI)}cS and 



T 12 - { 



0 0 0 

0 0 0 

0 0 0 

0 0 a,. 



an g <Z 7 uI))cS 



are all neutrosophic subspaces of S and T ; n Tj = 



0 0 0 
0 0 0 
0 0 0 
0 0 0 



1 < i, j < 6 and V = T 1 + T 2 +...+T 12 cSis not a direct 

sum. 

None of the subspaces of S are real quaternions vector 
subspaces of S. 



Let Di = < 



a l a 2 0 
0 0 0 
0 0 0 
0 0 0 



a 1? a 2 g P N } c S, 
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D,= 



0 0 a 3 
a 4 0 0 
0 0 0 
0 0 0 



a 3 , a 4 g P N } c S, 



D,= 



0 0 
0 a 5 
0 0 
0 0 



a 5 , a 6 e P N } c S, 



D 4 = 



0 0 0 

0 0 0 

a 7 a 8 0 

0 0 0 



a 7 , a 8 g P N } c S, 



D,= 



0 0 0 

0 0 0 

0 0 a„ 



a„ 



0 0 



ag, ai 0 g P N } c S and 



D fi = 



"0 0 0 

0 0 0 

0 0 0 

0 a u a 12 



an, ai2 gP n ]cS 



be six subspaces of S over the field Z 7 . 
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Clearly D, n D, = 



To 

o 

0 

0 



0 

0 

0 

0 



°T 

0 

0 

0 



ifi^j;l<i,j<6 and 



S = Di + D 2 + D 3 + D 4 + D 5 + D 6 is a direct sum. 

Thus we can have finite number of subspaces some 
collection will lead to direct sum and some will never lead to a 
direct sum. 

Such study is a matter of routine and is left for the reader. 
Example 1.49: Let 







V 








a 2 




M = 




a 3 








_ a 9 _ 





a ; e Pnc = {bo + bp + b^j + b 3 k I b s e C«Z 19 u I»; 



0<p<3}, 1 <t<9. +, x n } 



be the real finite neutrosophic complex modulo integer real 
quaternions of finite order. 

We see several subspaces exist in case of M. 

We will denote them by 





a i 






0 






0 






1 

O • 





Pi = 



ai e Pnc) ; 
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are all subspaces of M and 




further M = Pi + P 2 + . . . + P9. 

Thus M is a direct sum of subspaces. 



We have several ways of representing M as a direct sum. 
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Consider Bi >2 



a i 

a 2 

0 

0 

0 

0 



ai, a 2 e Pnc} c M, 



0 



0 

0 

a. 



63,4 - 



a 3 , a 4 ePncIc M, 



65,6 - 



0 

0 

0 

0 



a 5 , a 6 e P N cl c M, 



a 6 

0 

0 

0 
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are all subspaces of M. 



Bi n Bj = 




M = Bi, 2 + B3 4 + Bg, 6 + B 7>8 + B 9 is a direct sum. 




48 | Infinite Quaternion Pseudo Rings Using [0, n) 



Consider 





a 2 eP c c P N c} c M ; 




a 3 e P c c P NC } c M, 




a 4 g P c c P NC } c M ; 
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T °1 

0 

0 

D 5 = I 0 as e Pc c P NC } c M and so on. 

a 5 

0 



0 

0 

0 

Dg = < 0 e Pc c P N c) c M 
0 

L a 9 J 

are all subspaces of M. It is noted 

t°t 

0 

D ; nDj=< 0 > ; 1 < i, j < 9, and 

L°J 

L = Di + D 2 + . . . + Dg c M, so is not a direct sum. So we have 
subspaces in M which can never be made into a direct sum. 

None of Di, D 2 , ..., D 8 can be completed to get a direct 
sum. 

However using Dg we can get the direct sum or complete it 
to a direct sum. 
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Example 1.50: Let 



B = 



3 ., 



a, a. 



e Pnc — {bo + bii + boj + bqk I 



b s e C«Z 59 u I»; 0 < s < 3}, 1 < i < 9, +, x n } 



be the finite neutrosophic complex modulo integer real 
quaternion vector space of finite dimension over Z 5y . 

B has several subspaces and B can be written as a direct 
sum of 2 spaces 3 spaces and soon say upto 9 spaces. 



For instance 



Pi = 



a i 

0 

0 



a 2 

0 

0 



a 3 

0 

0 



ai e P NC ; 1 < i < 3 } c= B and 



P^ = 



0 0 

a t a. 



a, 






0 

a. 



a ; g P N c; 1 <i<6} cB 



are subspaces of B such that 





"0 


0 


0 " 




Pi nP 2 = < 


0 


0 


0 






0 


0 


0 





We can write using P,'s as direct sum P| + P 2 = B. 
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Consider 

a; 0 0 

T] = < a 2 0 0 ai g P NC ; 1 < i < 3} c B, 

_a 3 0 0 

0 aj 0 

T 2 = < 0 a 2 0 a ; g P NC ; 1 < i < 3} c= B and 

0 a 3 0 

0 0 aj 

T 3 = < 0 0 a 2 a ; g P NC ; 1 < i < 3} c B 

0 0 a 3 




. Ti + T 2 + T 3 = B is the direct sum of subspaces of B. 



Example 1.51: Let M = { ("a ] I a 2 a 3 I a 4 a 5 a 6 ) I a, g P nc = {b 0 + 

bp + bij + b 3 k I bj g C((Z n u I»; 0 < j < 3}, 1 < t < 9, +} be the 

neutrosophic finite complex modulo integer real quaternion 
vector space over the field Z\\. 

Pi = {(ail 0 0 I 0 0 0) I ai g P NC } c M, 

P 2 = {(0 I a 2 0 I 0 0 0) I a 2 g P NC } c M, 

P 3 = {(0 I 0 a 3 1 0 0 0) I a 3 g P nc } c M, 




52 



Infinite Quaternion Pseudo Rings Using [0, n) 



P 4 = {(0 I 0 0 I a 4 0 0) I a 4 e P NC } c M, 

P 5 = { (0 I 0 0 I 0 a 5 0)la 5 6P NC jcM, 

and P 6 = { (0 I 0 0 I 0 0 ae) I a6 e Pnc } <= M 
be real quaternion neutrosophic complex modulo integer vector 
subspaces of M. 

Clearly P ; n Pj = { (0 I 0 0 I 0 0 0) } for 1 < i, j < 6 and 
Pi + ?2 + • ■ ■ + ?6 = M is the direct sum. 

We can have several subspaces. 

Next we proceed onto give examples the notion of linear 
transformation and linear operators. 

Example 1.52: Let 



M = 



cli ctp cl 



and 



N = 



a i ^ Pnc — {bo + bii + bij + b 3 k I b s e Z 4 3; 



0 < s < 3}, 1 < i < 9 } 



a, a. 



a 7 a 8 



a 1 1 a i 



a, g P = {b 0 + bp + boj + b 3 k I b s e Z 43 ; 



0 < s < 3}. 1 <i< 12} 

be finite real quaternion vector space over the field Z 43 . 



Define T : M — > N by 
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it is easily verified T is a linear transformation from M to N. 
Define S : N — > M by 




S is a linear transformation from N to M. 
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Thus we can define linear transformation provided the spaces 
are built on the same field Z p . 



Example 1.53: Let 

M 

M=< 2 ai e P c = {b 0 + bii + b^j + b 3 k I b s e C(Z 17 ); 

L a 9 J 



0 < s < 3}, 1 < i < 9 } 

and 

a i a 2 a 3 

R=j a 4 a 5 a 6 a, g P = {b 0 + bp + b^j + b 3 k I b s e C(Z 17 ); 
a 7 a 8 a 9 _ 

0<s<3}, 1 < i < 9} 

be two finite complex modulo integer real quaternion vector 
spaces defined over the field Z [7 . 

A map T : S — > R defined by 




is a linear transformation of S to R. 



We can have several such linear transformation. 
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Example 1.54: Let S = { (ai, a 2 , a 3 , a 4 ) I a t g P c = {b 0 + b,i + bq 
+ b 3 k I bj g C(Z 3 ); 0<j<3},l<t<4} and 

a 2 l 

a 4 

a t g P NC = {b 0 + bii + b^j + b 3 k I 

a 8 j 

b p GC«Z 3 uI));0<p<3}, 1 < t < 8} 
be the two finite real quaternion vector spaces over the field Z 3 . 
Define a map T : S — > M by 

aj 0 

0 a 2 

T (ai, a 2 , a 3 , a 4 ) = 

a 3 0 
0 a 4 

It is easily verified T is a linear transfonnation. 

This type of linear transformation can be defined and 
developed as a matter of routine. 

We now proceed onto give a examples of linear operators. 

Example 1.55: Let 

a i a 2 a 3 

s = < a 4 a 5 a 6 a t g P = {b 0 + bii + + b 3 k I b p g Z 23 ; 

_a 7 a 8 a 9_ 

0 < p < 3}.l < t < 9} 




be the finite real quaternion space over the field Z 23 . 
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Define T : S — » S by 





a i 


a 2 


a 3 




a i 


0 


0 " 


T( 


a 4 


a 5 


a 6 


) = 


0 


a 2 


0 




_ a 7 


00 


a 9_ 




0 


0 


a 3. 



T is a linear operator on S. 
Define R : S — > S by 





a l 


a 2 


a 3 " 




a i 


0 


a 2 


R( 


a 4 


a 5 


a e 


) = 


0 


a 3 


0 




1 

p 


a 8 


P 

0 

1 




- a 4 


0 


a 5. 



R is a linear operator on S. We can have several such linear 
operators on S. 

Example 1.56: Let 



S = 



a t e P c = {b 0 + b,i + b^j + b 3 k I 



b p e C(Z 7 ); 0 < p < 3},1 < t < 15} 



be the finite complex modulo integer real quaternion vector 
space over the field Z 7 . 



T : V — > V defined by 
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a, 0 0 

a f a, a 3 a-, 0 0 

T : : : = a 3 0 0 

_ a i3 a i4 a i5 _ ’ ’ ’ 

a 13 0 0 

is a linear operator on V. 

We can have several linear operators on V. 

Now study of linear operators is also a matter of routine and 
hence left as an exercise to the reader. 

However if we try to build inner product of these linear 
algebras of finite real quaternions we face with a lot of 
problems. 

In the first place we see in case of vector space of finite real 
quaternions the product does not belong to the field. 

That is we are not in a position to define a map from a pair 
of vectors in V to the field Z p of scalars over which V is 
defined. 

For if i, k e V, (i, k) = (n— 1 )j gZ p . 

So in the first place we have to over come this problem. 

Secondly we may have (x, x) = 0 even if x ^ 0. 

For if x = i + j + k e P = {a 0 + ap + aij + a 3 k I a t e Z 3 } then 
(x, x) =0 but x ^ 0. 

For (x, x) = (i + j +k, i + j + k) 

= i 2 + j 2 + k 2 (as i 2 = 2 = j 2 = k 2 ) 

= 2 + 2+2 
= 0 (mod 3). 
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Thus to over come these we define Smarandache vector 
space of real quaternions defined over the ring P of finite 
quaternions where 

P = { a 0 + aq + anj + a 3 k I a, e Z p ; 0 < t < 3 } . 

We see if this way it is define we can have a special type of 
inner product called the pseudo inner product. So we just define 
the notion of S-vector space of real quaternions over the S-finite 
real quaternions. 

DEFINITION 1.6: Let V be a vector space of finite real 

quaternions defined over the Smarandache ring P of finite real 
quaternions. We then define V to be a Smarandache vector 
space of finite real quaternions defined over P. 

We will illustrate this situation by some examples. 

Example 1.57: Let 



S = 



a t eP = {b 0 + bji + b^j + b 3 k I b p e Z n ; 



0 < p < 3}, 1 < t < 5} 

be the S-finite real quaternion vector space (linear algebra) over 
the S-ring P. 



Example 1.58: Let W = { (a 3 , a 2 , a x ) I a, e P ( = {b 0 + b|i + 
bij + b 3 k I b p e C(Z P ); 0 < p < 3},1 < t < 8. 0 < p < 3, +. x} be 
the finite real quaternion S-vector space over the S-ring C(Z 19 ) 
(or over the S-ring P c ). 
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W has inner product defined over it only when W is defined 
over P c and not over C(Zi 9 ). 

Example 1.59: Let 



S = 



a, a. 



a, Q a. 



a ; g P N = {b 0 + b]i + bij + b 3 k I 



b p e <Z n ul>;0<p<3}, l<i< 20} 

be the S -finite real quaternion vector space over the S-ring P N . 
We can define on S an inner product which is as follows: 





a l 


a 2 




b i 


b 2 


IfX = 


a 3 


a 4 


and Y = 


b 3 


b 4 




_ a i9 


a 20_ 




_b 19 


1 

o 

c-t 

X) 



20 

(X, Y) = ^ajbj < , > : S — > Pn is an inner product on S. 

i=l 



Example 1.60: Let M = { (x 3 , x 2 , x 3 ) I x; g P NC = ( a () + a i i + a 2 j 
+ a 3 k I a p g C((Z 5 u I); 0 < p < 3j, 1 < i < 3, +, x) be the 
Smarandache finite real quaternion finite neutrosophic complex 
modulo integer vector space over the S-ring P NC . 

On M we can define an inner product as follows: 

Let x = (3il + 2i F k, 0, 2kIi F ) and y = (2i F Ij, 3i F + 4il, 2 + 3i F ) 
g M. 



(x, y) = <(3il + 2i F k, 0, 2kIi F ), (2i F Ij, 3i F + 4il, 2 + 3i F )> 
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= (3il + 2i F k) (2i F Ij) + 0 + 2Ii F k x (2 + 3i F ) 

= 6kIi F + 4 x 4 x 4il + 4Ii F k + 61 x 4 x k 
= kIi F + 4il + 4Ii F k + 4kl 
= 4il + 41k g P NC . 

This is the way inner product is defined on M. 

That is if x = (xj, x 2 , x 3 ) and y = (yi, y 2 , y 3 ) g M then 

(x, y) = x 1 y 1 + x 2 y 2 + x 3 y 3 . 

In general (x, y) ^ (y, x) for x,yeM. 

This is also a difference between usual inner product and 
special pseudo inner product. 

Consider (y, x) = ((2i F Ij 4il + 3i F , 2 + 3i F ), (3il + 2i F k, 0, 2kIi F )> 

= 2i F Ij x 3il + 2i F k + 0 + (2 + 3i F ) (2kIi F ) 

= 6i F I4k + 4 x 4i x I + 4kIi F + 6 x 4kl 
= 4i F Ik + Ii + 4Ii F k + 4kl 
— 3i F Ik + Ii + 4kl c P\ 3 . 

Clearly for this x,yeMwe see (x, y> ^ (y, x). 

Example 1.61: Let P = ( a () + a i i + a 2 j + a 3 k I a; g Z 43 , 0 < i < 3, 
i 2 = j 2 = k 2 = ijk = 42; ij = 42ji = k, jk = 42kj = i, ki = 42ik = j. +, 
x} be the finite ring of real quaternions. 

d 2 d 3 

V = < d 4 d 5 d 6 dj g P; 1 <j < 3} 
d 7 d 8 d 9 _ 

be a S-real quaternion vector space defined over P. 

We define (A. B) for A, B g V as follows: 
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~ X 1 


X 2 


X 3 _ 




"Yi 


y 2 


y 3 " 


X 4 


X 5 


X 6 


and B = 


y 4 


y 5 


y 6 


_ X 7 


X 8 


X 9 _ 




_y 7 


y 8 


y 9 _ 



then (A, B) = x,yi + x 2 y 2 + x 3 y 3 + . . . + x 9 y 9 e P. 

Thus < , ) : V — > P is an inner product on V. We can define 
inner products. 

Now having introduced special pseudo inner product on V 
we call a S-vector space of real quaternions over a S-real finite 
quaternion ring to be a pseudo special inner product space 
provided we have a pseudo special inner product defined on that 
S-space. 

All properties related to inner product spaces are derivable 
in case of these special pseudo inner product spaces also. Such 
study is considered as matter of routine and hence left as an 
exercise to the reader. 

Now we can define linear functionals on these pseudo inner 
product spaces. Let V be a S-finite real quaternion space on 
which special inner produce is defined on the S-finite real 
quaternion ring P c . 

We see map f : V — > P c which is such that f is a linear 
transformation. For a e V; f (a) e P c . 

We will illustrate this situation by some examples. 

Example 1.62: Let V = {(x l5 x 2 , x 3 ) I x ; e {a 0 + ap + a^ + a 3 k I 
a, e C(Zn), 0 < t < 3}, 1 < i < 3, +, x} be the S-finite complex 
modulo integer real quaternion vector space over the S-complex 
finite modulo integer ring P c . 

Define f : V — > C(Zn) by f(xj, x 2 , x 3 ) = xj + x 2 + x 3 ; f is a 
linear functional on V. 
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Example 1.63: Let 



a; e P NC = {bo + bli + boj + b 3 k I b t e C«Zi 9 u I»; 



0<t<3}, 1 <i<6, +, x n } 

be the S-finite neutrosophic complex modulo integer vector 
space of finite real quaternions over the S-ring P NC . 

Define f : V — > P NC by 

a i 

a 2 

a 3 

f( ) = ai + + ■ ■ • + a6 e Pnc- 

a 4 
a 5 

_ a 6. 

3i + 8ji F +9i F k 
4ipl + 3ipk 
71 + 2 
6Iipi + 6ipjl 
0 

21 + 3ipi + 5ipkl 

f(A) — 3i + 8j ip + 9i F k + 4ipl + 3ipk + 71 + 2 + 6Iipi + 6iplj + 
0 + 21 + 3ipi + 5ipkl 
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= (2 + 91 + 4i F I) + (3 + 6Ii F + 3i F )i + ( 12i F + 5i F I)k + 
(8i F + 6Ii F )j g Pnc- 

f is a linear functional on V. 



Example 1.64: Let 



V = 



cl, cl 0 



^7 <^8 



a ; g P c = {bo + bp + bp + b 3 k I b, g C(Z 5 ); 



0 < t < 3, 1 < i < 9} 

be the S-finite complex modulo integer real quaternion vector 
space over the S-ring P c . 

Define a map f : M — > P c as follows: 





x i 


X 2 


X 3 




Let x = 


x 4 


X 5 


X 6 


g M then f(x) = x, + x 5 + x 9 g P c . 




_ X 7 


X 8 


X 9 _ 





In particular if x 



3i F ■+■ i 2i F + 3i + k 
0 4ki F + 2ipi 
2ip 3ipi + k 



3ik 

0 



g M 



2ipj + k + i 



then 



f(x) — 3i F + I + 4ki F + 2i F i + 2i F j + k + i 

— 3i F + (2 + 2i F )i + 2i F j + (4i F + l)k g Pc. 



This is the way the linear - functional on V is defined. 
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Example 1.65: Let 



a, a. 



S = 



“6 

1 10 



a 4 

a 8 

a, : 



aj g P = {b 0 + bii + bij + b 3 k I 

b, g Z i9 ; 0 < t < 3}, +, x} 



be the S-finite real quaternion vector space over the S-ring P. 
Define for X g S 



12 

f(X)= a i then f : S — > P 

i=l 



is a linear functional on S. 

Interested reader can study the notion of dual S-space and 
other related properties of S. Since it is considered as a matter 
of routine it is left as an exercise to the reader. 

Now we can define polynomial ring of finite real 
quaternions. 

Let P = { a 0 + ap + a^j + a 3 k I a; g Z n , 0 < i < 3, i 2 = j 2 = k 2 = 
ijk = (n - 1), ij = (n— 1 )j i = k; jk = (n-l)kj = i, ki = 
(n - l)ik = j. +. x } be the finite ring of real quaternions. 



Define P[x] = j^ajX 1 



a, g P, +, x}; 



x an indeterminate is a ring defined as a polynomial ring of 
finite real quaternions in the variable x. 

P[x] is only a non commutative ring as P is a non 
commutative ring. P[x] is of infinite order. P[x] can have zero 
divisors. 
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For any n as P[x] can have zero divisors as P has zero 
divisors. Clearly P c P[x], 

We will first illustrate this situation by some examples. 

Example 1.66: Let 

f “ 

P[x] = t ^a^ 1 ai g P = {b 0 + b|i + boj + b 3 k I b, e Z 6 ; 

U=o 

0 < t < k}, +, x} 

be the finite real quaternion polynomial ring. 

P[x] has zero divisors. 

For if p(x) = (3i + 3 j + 3k)x 3 + 3kx + (3 + 3j) and 

q(x) = (4i + 2j)x + 2kx + 4 e P[x], 

It is easily verified p(x). q(x) = 0. 

Thus p(x) is a zero divisor. 

P[x] is a non commutative ring. 

For let t = 3ix + j and 

s = jx 3 +k e P[x] 
ts = (3ix + j) (jx 3 + k) 

= 3ijx 4 + j 2 x 3 + 3ikx + jk 
= 3kx 4 + 5x 3 + 3 x 5jx + i 
= 3kx 4 + 5x 3 + 3jx + i — I 

Consider st = (jx 3 + k) (3ix + j) 

= 3jix 4 + 3kix + j 2 x 3 + kj 
= 3 x 5kx 4 + 3jx + 5x 3 + 5i 
= 3kx 4 + 5x 3 + 3jx + 5i 



II 
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Clearly I and II are different hence P[x] is non commutative 
that is st & ts for the given t, s g P[x]. 

Thus P[x] is a non commutative ring of infinite order and 
has zero divisors. 

Example 1.67: Let 



PM = j£X x ‘ 



ai g {b 0 + bii + b^j + b 3 k I b t g Z n \ 



0 < t < 3; i 2 - j 2 - k 2 = ijk = 10; ij = lOji = k, jk = lOkj - i, 
ki = lOik = j } = P, +, x } be the finite real quaternion polynomial 
ring. P[x] is Smarandache ring as Z n c P[x]- 

We see Zn cPc PM- 

Theorem 1.6: Let 



P N — 




a i eP = {b 0 + b/i + by + b 3 k I b, e Z„; 

0 <t <3J, +, x] 



be the polynomial ring of finite real quaternions. 



(i) P[x ] has zero divisors. 

(ii) P[x] has finite number of units. 

(iii) P[x] is a non commutative ring and is of infinite order. 

(iv) P[x] is a S-ring only ifZ„ is a S-ring or Z„ is afield. 



The proof is direct and hence left as an exercise to the 
reader. 



Now we see if p(x) g P[x] then p(x) can be differentiated 
but integration as in case of usual polynomial rings is little 
difficult. 



We will illustrate this situation by some examples. 
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Example 1.68: Let 

PM = | X a i x ‘ a; g P = {b 0 + bji + bbj + b 3 k I b, g Z 12 ; 

U=o 

0 < t < 3; +, x} 

be the polynomial ring of real finite quaternions. 

Let p(x) = 3ix 4 + 6jx 2 + 3 g P[x] 

= 12ix 3 + 6j x 2x + 0 = 0. 
dx 

Thus in case of polynomials in p(x) non constant 
polynomials can have their derivatives to be zero. 

Now suppose q(x) = ix 11 + 2ix + 3 g P[x]. 

Now j q(x) dx 

= j ix 11 + 2ix + 3dx 



ix 12 2ix 2 
1 

12 2 



+ 3x + c. 



Clearly 12 = 0 (mod 12) so this integral of this polynomial 
q(x) g P[x] remains undefined. 

This is the type of problems we face while integrating. 

However the differential exist but the conclusion the 
constant polynomial alone when differentiated gives zero is 
false. 

Now we say p(x) g P[x] has a root a if p(a) = 0 where 
a g P. 
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We can solve for roots for p(x) e P[x], however we are not 
sure whether every p(x) e P[x] is solvable. 

Let p(x) = x + i is such that when x = lli; 

p(lli) = lli + I = 0. 

So x = -i = lli is the root. So we can not say all linear 
equations in x are solvable. 

P(x) = 3x + 4j e P[x] 

Hence 3x = — 4j, 3x= 8j. 

But 3x = 8j cannot give the value for x as 3 is a zero divisor 
in Zi 2 . So this type of linear equations are not solvable in 
general. We dec laic this equation has no solution. 

Consider 4x + 5k =0. 

We see 4x = 7k but x has no solution as 4 is an idempotent 
in Z 12 . So in P[x] sometimes we may not be in position to solve 
even the linear equations. 

Thus (ai + bj + cj) x + t = 0 where t, a, b, c e Z n and if 
a 2 + b 2 + c 2 = 0 then also this linear equation is not solvable. 

Thus the major difference between the usual polynomials 
and polynomials is finite real quaternions rings. So we will 
reach a stage even a linear (first degree) polynomial has no 
solution. 

Consider the polynomial 8x 2 + (4i + 2k)x + 1 lj = 0 then it is 
factored as 8x 2 + 4xi + 2xk + ik = 0 (ik = 1 lj). 

4x (2x+ i) +(2x + i)k = 0 

(2x + i) (4x + k) = 0. 

Coefficients are from Z J2 so this second degree eqution can 
be factored into linear terms but linear terms do not have a 
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solution as the coefficient of x is a zero divisors in this case and 
in another case it is an idempotent as well as a zero divisor. 

This sort of study leads to difficult situations to define the 
notion of solvability of linear equations. 

Thus if p(x) g P[x] is a polynomial of degree n with 
coefficients form the finite neutrosophic ring of real quaternions 
P. 



We say p(x) g P[x] is completely solvable if 
p(x) = (apt + bi) ... (a„x + b n ) I 

such that each a,x + b ; is a solvable linear equation and each 
a, is not an idempotent or a zero divisor but is invertible in P. 

We say p(x) is linearly decomposable but not completely 
solvable even if one of the linear equations a ; x + b, is not 
solvable. 

We say p(x) is not linearly decomposable that is 
representation of the form I is not possible if p(x) cannot be 
represented as linear product. 

p(x) is totally irreducible if p(x) cannot be written as 
q(x) r(x) where r(x) & p(x) or 1 and q(x) ^ r(x) or 1 . 

All linear polynomials are totally irreducible. 

Consider p(x) = 4x 7 + 1 e P[x] is a totally irreducible. 
(4, 3 g Zi 2 ). Study in this direction is also interesting. 

For solving such equations is not easy even if P(x) is built 
over Z p ; p a prime. 

Now we can define right ideal, left ideal and ideal in P[x] 
which is considered as a matter of routine for they are just like 
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finding ideals in non commutative ring R[x] where R is non 
commutative and is finite order. 

Now we can give one of two examples of them before we 
proceed to define vector spaces or linear algebras using these 

P[x]. 

Example 1.69: Let 



P[x] = 




a ; g P = {b 0 + b|i + bij + b 3 k I b, g Z 3 ; 



0 < t < 3; +. x} 



be the polynomial ring with coefficients from the ring of real 
quaternions. 

Consider p(x) = (i + j + k) x 3 + 1 g P[x] we can generate the 
ideal I by p(x); I = {All polynomials of degree greater than or 
equal to three with coefficients from P}. 

Now we see one has to stick to the property of multiplying 
the values given to x as ax for xa will give a different solution. 
Though we may say ax = xa but once the x takes a value in P we 
see ax ^ xa in general. 

This problem must also be kept in mind while working with 
this special type of non commutative ring. 

Thus if p(x) = a 0 + aix + . . . + a n x n and if a = x. a g P then 
p(a) = a 0 + aid + . . . + a n a n . 



Clearly aa, ^ a, a for all a; g P. 
Example 1. 70: Let 



P[x] = 




ajX 1 



g P = {b 0 + bii + boj + b 3 k I b, g Z 40 ; 
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0 < t < 3; i 2 - j 2 - k 2 = ijk - 39, ij = 39ji = k, jk = 39kj = i, 
ki = 39ik = j}, +, x} be the polynomial ring of real quaternions. 



M = 




a ; g {0, 10, 20, 30} c Z 40 } c P [x] 



is an ideal of P[x], 

P[x] has atleast five ideals. 

Next we proceed onto define the notion of P c [x] polynomial 
ring of complex modulo integer finite real quaternions. 



Let P c [x] = 




a ; g P c = {b 0 + bp + bq + b 3 k I b t g 



C(Z n ) ; 0 < t < 3} be the finite comple modulo integer real 
quaternion polynomial ring. Pc[x] is of infinite order. Pc[x] is 
non commutative. 



Clearly P[x] c Pc[x] and P[x] is only a subring of Pc[x] and 
is not an ideal. 

We will illustrate this situation by some examples. 

Example 1.71: Let 



PcW = 




a ; G Pc = {bo + bp + b^j + b 3 k I b t g C(Zi 2 ); 



0 < t < 3; +, x} 

be the finite complex modulo integer real quaternion 
polynomial ring. 



Pc c P c [x] is a subring P[x] c Pc[x] is also a subring and 
none of them are ideals. 
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Example 1. 72: Let 



PcwJfXx 1 



a ; e Pc = {bo + bp + bp + b 3 k I b t g C(Z 17 ); 



0 < t < 3; +, x} 



be the finite complex modulo integer real quaternion 
polynomial ring. P c [x] has linear equations which are not 
solvable. 



Take p(x) = (2i + 2j + 3k) x + 5j g P c [x], this is a linear 
equation but (2i + 2j + 3k)x = 12j but we cannot find the value 
of x as (2i + 2j+ k) is a zero divisor in Pc[x]. 

Example 1. 73: Let 



Pc[x]=|ja i x i 



a ; e P c = {b 0 + b,i + b^j + b 3 k I b, g C(Z 15 ); 



0 < t < 3}; +, x} 

be the polynomial ring of finite complex modulo integer. Pc[x] 
has ideals and subrings of finite order. 



Take M - 




a, g Z 15 } is only a subring of P c [x], 



Next we define neutrosophic finite real quaternion polynomial 
ring. 



Pn[x] - 




a; g P N = {b 0 + bp + bp + b 3 k I 



U=o I 

b, g (Z n u I); 0 < t < 3; +, x } 

is defined as the polynomial ring of neutrosophic finite real 
quaternion ring. 
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Pn[x] also has subrings and ideals. Infact all equations of 
the form p(x) = lx 11 + a n i x" + . . . + ao are not solvable as I 2 = I 
is an idempotent. 

Thus lx + a = p(x) has no solution for x. 

We will illustrate this by some examples. 

Example 1. 74: Let 



Pn[x] = 




ai g P N = {b 0 + bp + b^j + b 3 k I 



b t g <Z 42 u I); 0 < t < 3; +, x} 



be the ring of neutrosophic polynomial quaternions. P N [x] is a 
non commutative ring of infinite order. P N [x] has subrings and 
ideals. 



Example 1. 75: Let 



PnW - 




a; g Pn = {b 0 + b,i + b?] + b 3 k I 



Li=0 I 

b, g (Zn ul);0<t<3;+, xj 
be the neutrosophic finite real quatertions polynomial ring. 

All polynomial whose highest degree coefficient as I will be 
not solvable. 

Next we define the notion of finite complex modulo integer 
neutrosophic real quaternion polynomial ring. 

Let 



PncM = 




^ g P NC 



{bo + b]i + boj + b 3 k I 



b t eC(Z n u I); 0 < t < 3}; +, x}. 
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(PncM) is infinite and is not commutative P N cM also has zero 
divisors, ideals, subrings. Several linear polynomials have no 
solution in P NC [x]. 

Example 1. 76: Let 



PncM = 




a, g P N c = {b 0 + bji + Lj + b 3 k I 



1 i= 0 I 

b, g C«Z 7 u I»; 0 < t < 3; +, x} 

be the polynomial complex ncutrosophic finite real quaternion 
ring. P N cM has ideals, subrings, zero divisors and units. 

Example 1.77: Let 



PncM = 




aj g P NC = {b 0 + b,i + tbj + b 3 k I 



b t g C«Z I2 u I»; 0 < t < 3; +, x} 

be the polynomial complex ncutrosophic finite real quaternion 
ring. PncM has ideals and subrings; 

p(x) = (4i + 6j)x + (3i +4j + 2k + 2) g PncM is not solvable 
for x as the coefficient of x is a zero divisors. 



So we see even linear equation cannot be solved in case of 
PncM- polynomial rings with neutrosophic complex finite real 
quaternion coefficients. 

For p(x) = 4i lx + 3j =0 has no solution. 

q(x) = 6Ii F x + 2Ij has no solution and so on. 

Thus these rings display a very different properties. 

Flence solving equations in them is a difficult job however 
if we have to consider polynomials for finding eigen values and 
eigen vectors. 
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To find eigen values and eigen vectors we have some 
advantages as well as some hurdles. 

The advantage being that all characteristic equations will 
have the highest coefficient to be always one. This will help us 
solve the linear equations without any difficulty. 

Secondly the main disadvantage is that we cannot define the 
vector space or linear algebra over the field but only over the S- 
rings which are real quaternion rings or finite real complex 
modulo integer quaternion rings or finite neutrosophic complex 
real modulo integer quaternion rings. 

Thus the very concept of eigen values exist we need the 
basic vector space or linear algebra to be a Smarandache vector 
space or Smarandache linear algebra over the real quaternion 
S-rings P or P c or P N or P N c- 

With this in mind we now proceed onto define S-vector 
spaces (S-linear algebras) or vector spaces or linear algebras 
using P[x] or P c [x] or P N [x] or P NC [x]. 

Let P[x] be the real finite quaternion vector space over the 
field Z p . 

P[x] is also a linear algebra over Z p . 

On si mi lar line we have Pc[x], P N [x] and P NC [x] built over 
Pc or P N or P N c respectively. 

We will illustrate this situation by some examples. 

Example 1. 78: Let 



P[x] = 




ai e P = {b 0 + bp + b^j + b 3 k I b, e Z n ; 



0 < t < 3; +} 




76 | Infinite Quaternion Pseudo Rings Using [0, n) 



be a vector space over the field Z n - P[x] is also a linear algebra 
of finite real quaterion over the field Z\\. 

Example 1. 79: Let 



PcM = 




a; e Pc = {bo + b,i + bq + b 3 k I b t e C(Z 5 ); 



L=o I 

0 < t < 3}; +} 

be the vector space over Z 5 or a S-vector space over C(Z 5 ). 

In both cases we see P c [x] has subspaces and (S-subspaces). 

Study in this direction is also a matter of routine. 

Likewise we can have using polynomials P N [x] and P NC [x] 
also which will be described by examples. 

Example 1.80: Let 



PnM - 




ai e P N = {b 0 + b|i + bij + b 3 k I b t e (Z [9 u I); 



0 < t < 3} 



be the vector space of neutrosophic real quaternions over the 
field Z 19 or S-vector space defined over (Zi 9 u I) the 
neutrosophic S-ring. 



W = 




a i e (Z 19 (J I)} 



is a S -subspace of P N [x] over (Z i9 u I); however W is also a 
subspace over Zi 9 . 
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Example 1.81: Let 

Pnc[x] = | X a . x ‘ a i e Pnc = {bo + bli + boj + b 3 k I 

U=o 

b t e C«Z 13 u I»; 0<t<3},+, x} 

be a vector space of Z 13 or S-vector space over (Z 13 u I) or a 
S-vector space over C(Z 13 ) or a S-vector space over C«Zi 3 u I)) 
or a S-vector space over P or a S-vector space over P c or 
S-vector space over P N or S-vector space over P NC - 

Thus we can have 7 types of S-vector spaces using the same 
P N c| x]; however only P N( [x] defined over P N c alone can give 
the solution to eigen values / eigen vectors or for defining the 
concept of linear functionals and inner product spaces. 

Now finally we just give one or two examples regarding 
eigen values or eigen vectors. 

Already to this end the concept of matrices with entries 
from P NC (or P c or P N or P) have been defined. 

Let A = (a;j) n x n matrix with entries from P or P c or P N or 
P NC . We see as in case of usual matrices we can define the 
notion of eigen values and eigen vectors however for the 
solution to exist we need to have the spaces defined over P or 
P N or P c or P NC , then only we can have solution for the 
characteristic equation. 

This will be represented by an example or two. 

5i + i 3i + i + k 

Let A = 

0 2 + 3i + 4 j + k 



5i + j, 3i + j + k. 2 + 3i + 4j + k e P = { a 0 + aq + aoj + a 3 k I 
a, e Z 7 . 0 < t < 3 } 
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IA - AJ 



5i + j - k 2i + k 
1 + j 2 + 3i + 4 j + k — A. 



= (5i + j - k) (2 + 3i + 4j + k- k) = 0 
implies k = 6j + 2i or k = 5 + 4i + 3j + 6k. 

This is the way it is solved. 

Hence if the vector space is defined over Z 7 this 
characteristic values will have no relevance. 



Let A = 
from P. 



3 + i 

1 + j 



2j + k 
4k + j + 2 



be 2 x 2 matrix with entries 



IA - XI 



3 + i- Z 2i + k 
1 + j 4k + j + 2 — X 



= (3 + i-Z)(4k + j + 2-Z)-(l +j)(2i + k) 

= (3 + i) (4k + j + 2) - Z (4k + j + 2) - Z (3 + i) + Z 2 - 

(1 + j) (2j + k) 

— 12k + 3 j + 6+ 4 x 6j + k + 2i - k(5 + i + j+ 4k) + k~ 

- (2j + 2 x 6 + k + i). 

Thus k 2 + k (2 + 6i + 6j + 3k)+ (4k + 6j + 2i+ 6) = 0. 



Solving even a quadratic equation cannot be done. 
This is left as an open conjecture. 



For we can solve second degree equation in field of 
characteristic zero but solving equations with coefficients from 
P or P c or P N or P NC happens to be one of the challenging 
problems of the present day. 
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Let A = 



2i F i + j 
0 



3i + 4i F k + j 
3i F k + 4ipj + i 



where 2i F i+j, 3i + 4i F k + j, 3i F k + 4i F j + i g C(Z 5 ) 



Now IA - LI 



2i F i + j - L 3ip + 4ipk + j 
0 3i F k + 4i F j + i - A. 



— (2i F i + j — L) (3i F k + 4i F j + i — L) — 0. 



Thus (2i F i + j) (3i F k + 4i F j + i) - (2i F i + j) L - 
(3i F k + 4i F j + i) L + — 0 

L + L( 4j + 3i F i + 4i+ i F j + 2i F k) + (2i F i + j) (4i F j + i + 3i F k) 
= 0 

L 2 - ((3i F + 4)1 + (4 + i F ) j + 2ipk) + 8 x 4k + 4i F x 4 + 

2ip x 4 + 4k + 6 x 4 x 4j + 3i F i = 0 

that is 

L - + ((3ip + 4)i + (4 + i F ) j + 2i F k) + 4i F + k +j + 3ipi = 0. 
Solving this equation is difficult. 

Now we work with entries in P N . 



Let A = 



3I + 2JI 
4I + 4jI + k 



0 

2i + 3jl 



where 31 + 2jl, 41 + 4jl + k. 2i + 3jl g P N = { a 0 + aq + aoj + a 3 k I 
a, g (Z 5 u I); 0 < t < 3}. 

31 + 2jI-L 0 

IA - LI = 

4I + 4jI + k 2i + 3jI-L 
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= (31 + 2)1 - l) (2i + 3jl - X) = 0 

(31 + 2jl) (2i + 3jl) - X (2i + 3jl) - X (31 + 2jl) + Z 2 - 0 
Z 2 + A, (21 + 3i) + (31 + 2)1) (2i + 3jl) = 0 
l 2 + 1 (21 + 3i) + (6Ii + kl + 9jl + 6 x 4 x I) = 0 
l 2 + X (21 + 3i) +(Ii + kl + 4jl + 41) = 0. 

Solving even this equation is difficult. 

Thus it is left as an open conjecture to solve even equations 
of second degree in case of finite quaternion rings P or P c or P N 
or P NC . 

Let 



3Ii P i + 2i F j + Ik 0 

4ipl + 2Ij + 3 lip 2 + 21 + 3i F I + 4iplk 

where 3Ii F i + 2i F I + Ik, 4i F I + 2Ij + 3Ii F , 2 + 21 + 3i F I + 4i F Ik e 
Pnc = { ao + aq + a^j + a 3 k I a t e C((Z 5 u I)) ; 0 < t < 3 } . 



\A-X\ 



3Iipi + 2ip j + ik - X 0 

4ipl + 2Ij + 3Iip 2 + 21 + 3i F I + 4iplk — f 



= (3Ii F i + 2i F j + I - k) (2 + 21 + 3i F I + 4i F lK - X) 

= (3Ii F i + 2i F j + Ik) (2 + 21 + 3i F + 4i F Ik + X 2 - 
A, (2 + 21 + 3i F I + 4iplk + 3Iipi + 2ipj + Ik) 

= X 2 - X (2+ 21 + 3i F I + 3H F i + 2i F j + (4i F I + I)k) + (6Ii F i 
+ 4i F j + 21k + 6i F Ii + 4Ii F j + 21k + 91 x 4i + 6 x 4jl + 3i F Ik + 
121 x 4 x 4j + 8 x 4 x il + 4i F I x 4) 
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= X 2 + X (3 + 31 + 2i F I + 2Ii F i + 3i F j + (i F I + 4I)k) + (Ii F 
+ (31 + 2Ii F )I + (4i P + 4Ii F + 3I)j + (41 + 3Ii F )k) is the quadratic in 
X 2 and finding a solution for this is extremely difficult. 

Thus finding eigen values and eigen vectors of the S-vector 
spaces of finite real quaternions, S-vector spaces of finite 
complex modulo integer real quaternions, S-vector spaces of 
finite neutrosophic real quaternions and S-vector spaces of finite 
complex modulo integer neutrosophic real quaternions defined 
over the S-rings P, P c , Pn and P NC respectively. 

This study is innovative and interesting. However finding 
solution to the related characteristic polynomials happens to be 
a difficult task even if it is a quadratic equation. 

However if we have only diagonal values for the matrices 
and if the nth degree polynomial can be linearly factorized then 
as the coefficient of every a is one we can always have a 
solution. 



Let A = 




2i F 



0 6 

4i F + 3il 0 

0 3i F Ii + ji F 



to find the eigen values of A. 



\A-X\ 



3ip -X 0 

0 4ip + 3il - A, 
0 0 



6 

0 

3i F Ii -t - i F j X 



— (3i F — ^,)(4i F + 3i F - /. ) (3i F Ii + i F j - /. ) 
= 0 implies 

3i F - X = 0 
4i F + 3Ii - X = 0 
3i F Ii + i F j -/. — () 

X — 3i F = Oj /, — 3i F , X — 4i F + 3Ii 
and X = 3i F Ii + i F j. 
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Hence to find eigen values for a square matrix with values 
from P or P c or P N or P NC . 

We suggest one can make use row echelon method and 
make as many zeros as possible and then solve the equation. 

In many cases it may result in the linear form of the 
representation of the characteristic polynomial. 

To the best of the authors knowledge this happens to be the 
workable method for solving equations in P or P c or P N or P NC . 

3i F j 2i F + 2k 4i + 3j 
Let A = 2ip j + 2 4k 2 + j 

0 2 + 2 j 3ipk 

be the given matrix with the entries from 

P — { ao + aq + a^j + a 3 k I ai s= C(Z 5 ), 1 ^ i ^ 3}. 

We try to make as many zeros as possible by simple row 
reduction method. 

Add row (1) with row (2) in A and place it in the first row 
of A. 

2 2i F + k 4i + 4j + 2 
A 2i F j + 2 4k 2 + j = A] 

0 2 + 2 j 3i F k 

Adding (1) and (2) rows of A , and placing it in the 2 nd row gives 



2 2i P + k 4i + 4j + 2 
2i F j + 4 2i F 4i + 4 = A 2 . 

0 2 + 2 j 3i P k 
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Multiply the 2 nd row by 3 (mod 5). 

2 2i P + k 41 + 4j + 2 
Aj ~ i F j + 2 i F 2i + 2 = A3 

0 2 + 2 j 3i F k 

Multiply 2 nd row of A 3 by 3 and add with first row we get 
the following. 

3ipj + 3 k 4j + 3 
A 3 i F j + 2 ip 21 + 2 = A4 
0 2 + 2 j 3ipk 



In A 4 add row (1) and row (2) and place it in 2 nd row 

3ip j + 3 k 4j + 3 

A 4 41 p j ip + k 2i + 4j — A5. 

0 2 + 2j 3i F k 

Multiply first row of A 5 by 4 we get 

2ipj + 2 4k j + 2 
A 5 ~ 4ipj i F + k 2i + 4j = A 6 
0 2 + 2j 3ipk 

Add row (1) with (2) and place it in row (2) in A 6 . 

2ip j + 2 4k j + 2 

Ae ~ i F j + 3 i F 2i + 2 = A 7 

0 2 + 2j 3ipk 
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Multiply row 3 of A 7 by i we get 





2i F j + 3 


4k 


j + 2 




Aj ~ 


' fJ 2 


'f 


2i + 2 


— As. 




0 


2i + 3k 


3i F j 





Like this one can row reduce the matrices and obtain a 
matrix with maximum number of zero. 

It is kept on record that making the diagonal elements to be 
non zero or big does not matter or intervene the simplification 
we need to make only non diagonal elements zero. 

Multiply the 3 ld row of A 8 by 4 we get 



2i F j + 3 


4k 


j + 2 


i F j + 3 


'f 


2i + 2 


0 


3 + 4k 


2i F j 



and so on. 

It is pertinent to keep on record that one need to know that 
such reduction is also a difficult job. 

The next difficult task is finding eigen vectors using these 
eigen values. 

Now having defined these S-vector spaces we shall call the 
eigen values only as S-eigen values. 

Next we sugget a few problems. Some of the problems are 
very difficult and some of them can be taken as open 
conjectures. 

However only by solving these problems one will under 
stand the depth involved in arriving at a solution. 
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Further only when the study is based on the respective 
S-rings P or P c or P N or P NC the S-space has some nice features 
otherwise that when defined over Z p it does not enjoy several of 
the properties. 

Problems 

1. Find the special features enjoyed by the finite ring of 
real quaternions. 

P = { a 0 + ap + a^j + a 3 k I a; e Z p ; 0 < i < 3 } . 

(i) Can P be a S-ring? 

(ii) Can P have S-subrings which are not S-ideals? 

(iii) Can P have S-ideals? 

(iv) Can P have subrings which are not S-ideals? 

(v) Can P have subrings which are not S-subrings? 

(vi) Can P have S-units? 

(vii) Can P have S-zero divisors? 

(viii) Can P have zero divisors which are not S-zero 
divisors? 

(ix) Can P have ideals which are not S-ideals? 

(x) Can P have S-idempotents? 

(xi) Can P have idempotents which are not S- 
idempotents? 

(xii) Describe or develop any other property associated 
with P. 

2. Let R = {a 0 + ap + ap + a 3 k I a ; e Z n ; 0 < i < 3, i 2 = j 2 = 

k 2 = 10 = ijk. ij = 10(ji) = k, jk = 10(kj) = i, ki = 10(ik) 

= j, +, x } be the ring of finite real quaternions. 

Study questions (i) to (xii) of problem 1 for this S. 

3. Let S = { a 0 + ap + ap + a 3 k I a; e Zjp 0 < i < 3, i 2 = j 2 = 

k 2 - 16 - ijk. ij = 16(ji) = k, jk = 16(kj) = i, ki = 16(ik) 

= j, +. x} be the ring of finite complex modulo integer 
real quaternions. 

(i) Study questions (i) to (xii) of problem 1 for this R. 
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(ii) Find o(S). 

4. Let B = {ao + aq + a?j + a 3 k I a ; e C((Z 7 u I)); 0 < i < 3, 
ip= 6, (i F l) 2 = 1, i 2 = j 2 = k 2 = 6 = ijk, ij = 600 = k, jk = 
6(kj) = i, ki = 6(ik) = j; +, x} be the finite neutrosophic 
complex modulo integer real ring of quaternions. 

(i) Study questions (i) to (xii) of problem 1 for this B. 

(ii) Find o(B). 

5. Let P NC = {a 0 + aq + aq + a 3 k I a; e C((Z 2 4 u I)); 0 < i 
< 3, +, x} be the ring of real finite quaternions. 

Study questions (i) to (xii) of problem 1 for this P NC . 

6. Let P c = {ao + aq + aq + a 3 k I a ; e C(Zi 4 ); 0 < i < 3, i 2 
= j 2 = k 2 = 13 = ijk, ij = 1300 = k, jk = 13(kj) = i, ki = 
13(ik) - j}, i 2 = 13, (i F i) 2 = (i F j) 2 = (i F k) 2 = 1; +, x} be 
the ring of finite modulo integer real quaternions. 

(i) Find o(P c ). 

(ii) Study questions (i) to (xii) of problem 1 for this P c . 



7. Prove PcP c c P NC and PcP N c P NC . 

Prove P c , Pnc and P N are all S-vector spaces over P, 
provided P is a S-ring of finite real quaternions. 

8. Compare the four real quaternion rings P, P c , Pn and 
Pnc for a fixed Z n . 

9. Under what conditions P or P N or P c or P NC will have 
commutative subring of finite order; that is for what 
values of n of Z n . 

10. Describe and develop some interesting features about 
the rings P, P c , P N or P NC . 
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1 1 . Describe the semi idempotents in P, P c , Pn or P NC . 

12. Obtain some special features enjoyed by finite complex 
modulo integer real quaternion rings. 

13. Let V = {ao + ap + aij + a 3 k I aj g Z 43 , 0 < i < 3, i 2 = j 2 = 
k 2 = 42 = ijk, ij = 42(ji) = k, jk = 42(kj) = i, ki = 42(ik) 
= j, +} be the vector space of finite real quaternions 
over the field Z 43 . 

(i) Find a basis of V over Z 43 . 

(ii) What is the dimension of V over Z 43 ? 

(iii) How many subspaces of V exist? 

(iv) Find Hom z (V, V) = S. 

(v) Is S a vector space over Z 43 ? 

(vi) If S is a vector space over Z 43 ; what is the 
dimension of S over Z 43 ? 

14. Let V = {(a 1? a 2 , a 3 , a 4 , a 5 ) I a ; g P = {b 0 + bp + boj + b 3 k 
I b, g Zi 3 ; 0 < t < 3 } 1 < i < 5; + } be the vector space of 
finite real quaternions over the field Z 33 . 

Study questions (i) to (vi) of problem 13 for this V. 



15. Let P = 



a ; g Pc = {bo + bp + b-j + b 3 k I b t g Z 17 ; 



0 < t < 3; i 2 = j 2 - k 2 = 16 = ijk, ij - 16(ji) = k, jk = 
16(kj) = i, ki = 16(ik) = j, +} be the vector space of real 
quaternions over the field Zi 7 . 



Study questions (i) to (vi) of problem 13 for this P. 
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16. Let M = 



i 4 a 5 
... a 



10 



a 



15 



a ; g P N = {bo + bji 



+ b-j + b 3 k I b, g C«Zn u I)); 0 < t < 3; 1 < i < 20, +} 
be the vector space of real quaternions over the field 
Zn. 



Study questions (i) to (vi) of problem 13 for this M. 



17. Let B = 



V a ll a l: 



*20 / 



ai g P c - {bo + bii + b^j 



+ b 3 k I b t g C(Z 7 ); 0 < t < 3 } 1 < i < 20, +} be the vector 
space of real quaternions over the field Z 7 . 

Study questions (i) to (vi) of problem 13 for this B. 



18. Let P NC [x] = 




aj g P NC = {b 0 + bii + boj + b 3 k I 



b, g C«Zj 9 u I)); 0 < t < 3} be the vector space over 
Zl9- 



(i) Is PncM infinite dimension over Z j 9 ? 

(ii) Find subspaces of Pnc[x] over Z| 9 . 

(iii) Can PncM have any subspace of finite dimension 
over Z 19 ? 



19. Find some special features enjoyed by P N cM as a ring 
of finite real quaternions. 

20. How will one solve polynomials in P NC [x]? 

21. Construct a method of solving polynomials in PcM- 
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22. Find the method of constructing polynomials of nth 
degree in PncM- 



23. Let P N [x] = 




a ; g P N = {b 0 + bii + b?j + b 3 k I b t 



U=o I 

g (Zi 9 u I); 0 < t < 3, +. x} be the polynomial ring of 
real quaternions. 



(i) Find right ideals which are not left ideals. 

(ii) Find two sided ideals of P N [x], 

(iii) Give some subrings which are not ideals. 

(iv) Find S-ideals if any. 

(v) Find a S-subring which is not an S-ideal. 

(vi) Can P N [x] have ideals which not S-ideals? 

(vii) Can P N [x] have ideals which are not S-ideals? 
(viii) Can P N [x] have S-zero divisors? 

(ix) Can P N [x] have S-idempotents? 



24. Let P NC [x] = 




a, g P N c = {b 0 + bii + bij + b 3 k I 



I 

b t g C((Z 7 u I»; 0 < t < 3, +, x} be the ring of finite 
complex neutrosophic real quaternion polynomials. 



Study questions (i) to (ix) of problem 23 for this P NC [x], 



25. Find the special features enjoyed by S-vector spaces. 

26. Let V = {(a b a 2 , ..., a 10 ) I a : g P nc = {b 0 + bp + bp + 
b 3 k I b, g C(Zn); 0 < t < 3, 1 < i < 10, +} be a S-vector 
space over the S-ring P c . 

(i) Find the S-basis of V over P c . 

(ii) What is the dimension of V over P c ? 

(iii) Find Hom Pc (V, V) = R. 

(iv) Find Horn,, (V, P c ) = S. 

(v) What is dimension of R as a S-vector space? 
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(vi) What is dimension of S over P c ? 

(vii) Write V as a direct sum. 



27. Let M = 




a i 

a 2 



a ; g P N c = {bo + bii + b^j + b 3 k I b t g 



a 



10 



C((Z 3 u I»; 0 < t < 3} 1 < i < 10, +, x n } be a S-linear 
algebra finite complex neutrosophic real quaternions 
over the S-ring P NC . 

Study questions (i) to (vii) of problem 26 for this M. 



28. Let W = 



a 2 

a 9 




a; e Pc = {bo + bji + bij 



+ b 3 k I b, g C(Z 4 i); 0 < t < 3} 1 < i < 14, +, x n } be the 
S-linear algebra finite complex modulo integer real 
quaternions over the S-ring P c . 

Study questions (i) to (vii) of problem 26 for this W. 



29. Let M = 




a io 

a 20 



ai G P N = {bo + bii + boj 



+ b 3 k I b t g (Z 7 u I); 0 < t < 3) 1 < i < 20} be the 
S -vector space of neutrosophic finite real quaternions 
over P N . 

a i a 2 a 3 a 4 

a 5 a 8 

a 9 a i2 

a i3 a i6 



N = 



a; G P N = {b 0 + bii + bij + 
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b 3 k I b t g (Z 7 u I); 0 < t < 3| 1 < i < 16, +} be the 
S -vector space of neutrosophic finite real quaternions 
over P N . 

(i) Find Flonip^ (M, N) = S. 

(ii) What is the algebraic structure enjoyed by S? 

(iii) Find Rj = Hom„ (M, M) and R 2 = FIom p (N, N). 

(iv) What is the algebraic structure enjoyed by Ri and 

R 2 ? 

(v) Find B| = Horn., (M, P N ) and B 2 = Hom„ (N, P N ). 

* N * N 

(vi) What is the algebraic structure enjoyed by B i and 

B 2 ? 

(vii) Can there exist a T g Horn (M, N) such that T 
has T" 1 ? 

(viii) Find a linear transformation L e Horn (N, M) so 
that ker L ^ (0). 



a i a 2 ••• a io 

30. LetV=j a n a 12 ... a 20 a ; e P NC = {b 0 + bj + 

L a 21 a 22 ... a 30 J 

bij + b 3 k I b, g C«Z 5 u I)); 0 < t < 3} 1 < i < 30} and 

a 2 a 3 

a i e Pnc — {bo + b[i + bq + b 3 k 

a 2 9 a 3oJ 

I b, g C«Z 5 u I)); 0 < t < 3 } l<i< 30}be the S-vector 
space of finite neutrosophic complex modulo integer 
real quaternion over the S-ring P NC . 

Study questions (i) to (viii) of problem 29 for this V and 
W. 
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31. Lets = 



a i a 2 a 3 a 4 a 5 

a « a 



10 



a 



15 



a i s Pc - {b 0 + bp + 



bij + b 3 k I b, g C(Zig); 0 < t < 3} 1 < i < 25, +, x n } and 



R = 



a i a 2 
a 8 a 9 
a i5 a i6 

L a 22 a 23 



a ; g P c = {b 0 + bii + bij + 



b 3 k I b, g C(Zi 9 ); 0 < t < 3 } 1 < i < 28, +, x n } be two 
S -linear algebra of finite complex modulo integer real 
quaternions over the S-ring P c . 

Study questions (i) to (viii) of problem 29 for this S and 
R. 

32. Obtain some special features associated with P[x], (P 
the finite ring of real quaternions over Z n ). 

33. Prove linear equations can not be solved in general in 
P[x]. 

34. Find a new method of solving polynomial equations in 
PW. 

35. Show differentiation and integration in general do not 
follow the usual law in case of P[x] or Pc[x] or P N [x] or 
Pnc[x]. 



36. Derive a method of solving second degree polynomial 
equation in P[x] or Pc[x] or P N [x] or P NC [x], 
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37. Let P[x] = j^ajX 1 a; g P = {b 0 + bji + bp + b 3 k I b, g 

Z 40 ; 0 < t < 3} be the polynomial ring of real 
quaternions. 

(i) Find ideals of P[x] 

(ii) Can P[x] have S-ideals? 

(iii) Find S-subrings which are not ideals of P[x], 

(iv) Find ideals which are not S-ideals. 

(v) Show P[x] has infinite number of zero divisors. 

(vi) Find a method of solving p(x) = 0 in P[x], 

(vii) Can P[x] have S-zero divisors? 

(viii) Can P[x] have idempotents which are not S- 
idempotents? 

(ix) Can P[x] have S -units? 

(x) Define the concept of semi idempotents in P[x], 

(xi) Can P[x] have S-serni idempotents? 

38. If in P[x], Z 40 in problem 37 is replaced by Z 43 study 
questions (1) to (xi) of problem 37 for that P[x], 

39. Let P c [x] = | ^ajX 1 a; g Pc = {b 0 + bp + bp + b 3 k I b t 

U=o 

g C(Z 12 ); 0 < t < 3}, +, x}be the finite complex modulo 
integer real quaternion polynomial ring. 

Study questions (i) to (xi) of problem 37 for this Pc[x]. 

40. If in problem 39. Z l2 is replaced by Z l9 . 

Study questions (i) to (xi) of problem 37 for this P c [x], 

41. Let Pn[x] = | ^a ; x‘ a; g P N = {b 0 + bp + bp + b 3 k I b t 

U=o 

g (Z 15 u I); 0 < t < 3}, +, x} be the finite neutrosophic 
real quaternion polynomial ring. 




94 



Infinite Quaternion Pseudo Rings Using [0, n) 



Study questions (i) to (xi) of problem 37 for this P N [x]. 

42. If in problem (41) (Zi 5 u I) is replaced by (Z 2 3 u I) 
study questions (i) to (xii) of problem 37 for this P N [x], 



43. Let P NC [x] = jXa.x 1 



ai g P N = {b 0 + bp + bp + b 3 k I 



b t g C((Z 6 u I)); 0 < t < 3}. +, x} be the polynomial 
ring of finite complex neutrosophic modulo integer real 
quaternions. 



Study questions (i) to (xi) of problem 37 for this P NC [x]. 



44. If in problem (43) C((Z 6 u I)) is replaced by C((Z 5 u I)) 
Study questions (i) to (xi) of problem 37 for this P NC [x], 



45. Let P[x] = 




a; g P = {b 0 + bji + bp + b 3 k I b t g 



Z 33 ; 0 < t < 3}, +} be a vector space over the field Z [3 . 



(i) Find a basis of P[x] over Z 13 . 

(ii) What is the dimension of P[x] over Zi 3 ? 

(iii) Find subspaces of P[x], 

(iv) Find Horn (P[x], P[x]) = M. 

(v) What is the algebraic structure enjoyed by M? 

(vi) If P[x] is a S-vector space over P study question (i) 
to (v) for that S-vector space. 

(vii) Let N = {Flom (P[x], P)}; what is the algebraic 
structure enjoyed by N? 



46 . 



Let P N [x] 




a ; g P N = {b 0 + bp + bp + b 3 k I b t 



U=o I 

g (Z 19 u I); 0 < t < k}, +} be the S-vector space defined 
over P N . 
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(i) Study questions (i) to (v) of problem 45 for this 
Pn[x]. 

(ii) If P N is replaced by Z 19 study questions (i) to (v) 
problem 45 for that vector space over Zi 9 . 



47. Let P c [x] = 




a ; g P c = {b 0 + bp + bp + b 3 k I b t 



L i=° I 

g C(Z 43 ); 0<t<3}.+}bea vector space of finite 
complex real quaternions over the field Z 43 . 



(i) Study questions (i) to (v) of problem 45 for this 
PcW. 

(ii) If Z 43 is replaced by C(Z 43 ) study questions (1) to 
(v) for that S-vector space P c [x] over C(Z 43 ). 



48. Let P NC [x] = 




a, g P NC = {b 0 + bp + bp + b 3 k I 



b t g C((Z 7 u I)); 0 < t < 3}, +} be the vector space of 
finite complex neutrosophic real quaternions over the 
field Z 7 . 



(i) Study problems (i) to (v) of question 45 for this 
PncW. 

(ii) If Z 7 is replaced by C((Z 7 u I)) study question (i) to 
(v) for that S-vector space P NC [x] over P NC . 

49. Obtain any special features enjoyed by the S-vector 
spaces PncW, Pn[x], Pc[x] and P[x] over the S-ring 
P NC , P\, Pc and P respectively. 

50. Find the eigen values and eigen vectors associated with 
the matrix; 



A = 



3i + 4 j + 2k 
4j + 8k + i 



2 + i 

l + 7i + 10j + 3k 
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3i + 4j + 2k, 2 + i, 4j + 8k + i and 1 + 7i + lOj + 3k e P 
= {a 0 + ad + a^j + a 3 k I a t e Z n ; 0 < t < 3}. 

5 1 . Find the eigen values of the matrix 

"3i + 4j + 31k + 1 0 3i + 4kl 

S = 2i + 3jl + Ik 7i + 8Ij 0 

0 4i + 9Ij + 1 lkl 8il + k 

where the entries are from 
Pn — {ao + aji + a^j + a3k I a^ s (Z13 x J I); 0 ^ t ^ 3 } . 

52. Can any special means be invented to find eigen values 
when the entries of the matrix are from P or P c or P N or 

Pnc? 

3Ii F + ki F 21j + 3iplk 0 

53. Let A = 4Iipj + 4Ik 2i F Ik + il Ij 

fd + jlip kip + ji F + 1 I + ip + j 

where the entries of A are from 

P NC = {a 0 + a,i + a^j + a 3 k I a, e C«Z 5 u I»; 0 < t < 3}. 

Find the eigen values and eigen vectors associated with 
the matrix A. 

54. Can the theorem of diagonalization be obtained for S- 
vector spaces over Pnc? 

55. Study question (54) if Pnc is replaced by P c . 

56. Is Cayley’s theorem true in case of S-vector spaces over 

Pn? 
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57. Let M = 



a, a. 



a n a nj 



a; e P c = {b 0 + bji + bij 



+ b 3 k I b t e C(Z 43 ); 0 < t < 3} 1 < i < 12} be the S- 
vector space over P c . 

(i) Study all properties associated with M. 

(ii) Define the inner product of M. 

(iii) Can Horn (M, P c ) = S be isomorphic with M as a 
S-vector space? 

(iv) What is the dimension of Horn (M, M ) = V over 

Pc? 

(v) Find a T e V so that T is not invertible. 

(vi) Find a T in V so that ker T ^ (0). 

(vii) Find a T in V that ker T = (0). 



58. Let W = 



a, a 



L a io a 



a i e Pnc — {bo + b]i + 



boj + b 3 k I b t g C«Z 7 u I); 0 < t < 3}; 1 < i < 18, +, x n } 



and V = 



Ct, 3.rf a, 



3-a <i, - 



2i-j clg 3.g 

a i0 a il a i2 

a i3 a i4 a i5 

, a !6 a i7 a i8. 



ai g Pnc — {bo + bp + b^j + 



b 3 k I b t e C«Z 7 u I); 0 < t < 3} 1 < i < 18, +, x n } be a S- 
vector spaces defined over P N c- 

(i) Find a basis of V and W 

(ii) Find Horn (V, W) = S. 

(iii) What is the dimension of S over P N c? 
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(iv) Find Horn (V, V) and Hom(W, W). 

(v) Find Flom (V, P NC ) = Li, and Horn (W, P NC ) = L 2 . 
IsL^LV? 

(vi) Define two different types of inner products on 
V and W. 

(vii) Show these inner product spaces are of same 
dimension over P NC . 

(viii) Study (i) to (iv) if P NC is a replaced by P N . 

(ix) Study (i) to (iv) if P NC is a replaced by P c . 

(ix) Study (i) to (iv) if P NC is a replaced by P. 

59. Study the special features enjoyed by S -linear 
functionals using S-vector spaces over P or P c or P N or 
Pnc- 

60. Prove only if the linear algebras /vector spaces are 
defined over P or P c or P N or P NC we can have the 
concept of pseudo special inner product on them. 

61. Can we define bilinear forms in S-vectors spaces 
defined over P or P c or P N or P NC ? 




Chapter Two 



iNFifrrEQLraHMWPauDORi^ 
using [0, n) 



In this chapter we for the first time introduce the notion of 
pseudo quaternion rings of infinite order using [0, n), n > 2. For 
n= 1 we cannot define this notion. 

These infinite quaternion rings does not satisfy several of 
the usual properties of the real ring of quaternions. 

In this chapter several interesting features about them are 
described and developed. 



DEFINITION 2.1: Let Q = { ao + af + ay + ajk I a, £ [0, n ) 
n >2, 0 < t < 3, i 2 - j 2 = k 2 - ijk = n—1, ij - (n-l)ji - k, 
jk = (n-l)kj - i, ki - (n-l)ik - j, +} be a group which is 
commutative and of infinite order under +. This Q will be 
known as the group of infinite interval real quaternions. 

Q is commutative and has subgroups of finite order also. 



We will first illustrate this by some examples. 
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Example 2.1 : Let Q = { a 0 + a j i + aq + a 3 k I a t e [0, 5), i 2 = j 2 = 
k 2 = ijk = 4, ij = 4ji = k, jk = 4kj = i, ki = 4ik = j, 0 < t < 3, +} be 
the interval group of real quaternions IQI = oo. 

P = {a 0 + aji + aq + a 3 k I a t g Z 5 , 0 < t < 3} c Q is a finite 
subgroup of Q. 

Example 2.2: Let S = {a 0 + ap + aq + a 3 k I a t e [0, 12), 
0 < t < 3, i 2 = j 2 = k 2 = ijk = 1 1, ij = 12ji = k, jk = 12kj = i, ki = 
4ik = j, +} be the group under +. 

S has several subgroups of finite order. 

Finding subgroups of infinite order is an interesting work. 

We can have several such groups of interval finite 
quaternions of infinite order. 

We see the interval real quaternions under x is a semigroup. 

DEFINITION 2.2: Let S - {ao + ap + ap + ask I a, € [0, n) 
0 <t <3, r - j 2 — k 2 — ijk = n—1, ij - ( n—1 )ji = k, jk — ( n—1 )kj - 
i, ki = ( n—1 )ik = j, xj be a semigroup under product known as 
the interval real quaternions semigroup, is of infinite order 
which is non commutative and is a monoid. Infact these 
semigroups have zero divisors. 

They are S-semigroups provided [0, n) is a S-semigroup. 

We will illustrate this situation by some examples. 

Example 2.3: Let S = {a 0 + ap + a^j + a 3 k I a t e [0, 7), 0 < t < 3, 

i 2 = j 2 = k 2 = ijk = 6, ij = 6ji = k, jk = 6kj = i, ki = 6ik = j, x} be 

a interval real quaternion semigroup under x. 

x = (3i + 2j + k) g S is a zero divisor for x 2 = (3i + 2j + k) 2 

= 9i 2 + 4j 2 + k 2 + 6ij + 6ji + 2jk + 2kj + 3ik + 3ki 




Infinite Quaternion Pseudo Rings Using [0, n) \ 101 



= 9x6 + 4x6 + 6 + 6k + 6x6xk + 2i + 2x6i + 

3 j + 3 x 6j 

= 54 + 24 + 6 + 42k + 14i + 3 j + 18j 

= 0. 

Thus x is a zero divisor in S and 
3 2 + 2 2 + l 2 = 0 (mod 7). Also if x = 3.5i and y = 4k e S 

x x y = 3.5i x 4k = 14.0 x 6j = 0 (mod 7). 

We have several zero divisors in S. 

This semigroup also have units 3.5 = 1 (mod 7). We see 
how product operation is performed in S. 

x= (1 + i) e S 

x 2 = (1 + i) 2 = 1 + 2i + i 2 
= 2i. 

x 2 = (1 + 2i) 2 = 1 + (2i) 2 + 4i 

= 1 + 4x6 + 4i 
= 4 + 4i. 

x 2 = (1 + 3i) 2 = 1 + (3i) 2 + 6i 

= 1 + 9x6 + 6i 
= 6 + 6i. 

x 2 = (1 + 4i) 2 = 1 + 16x6 + 8i 
= 97 + 8i = i+6 and so on. 

Let y = i + j e S, y 2 = 6 + 6 + k + 6k 

y 2 = 5. 

Example 2.4: Let S = { a (l + a i i + a 2 j + a 3 k I a, e [0, 12), i 2 = j 2 = 
k 2 = ijk = 11, ij = llji = k, jk = 1 lkj = i, ki = llik = j, 0 < t < 3, 
x} be the interval real quaternion semigroup which is non 
commutative and of infinite order. 
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Consider 2i + 2j + 2k = x e S ; 
x 2 = (2i + 2j + 2k) 2 

= 4i 2 + 4j 2 + 4k 2 + 4ij + 4ji + 4jk + 4kj + 4ki + 4ik 

= 4x11+4x11 + 4x11 + 4k + 4xllxk + 4i + 

4 x 1 li + 4j + 4 x 11 x j 
= 0 (mod 12) is a zero divisor in S. 

Example 2.5 : Let S = {a 0 + ad + a^j + a 3 k I a, e [0, 17), i 2 = j 2 = 

k 2 = ijk = 16, ij = 16ji = k, jk = 16kj = i, ki = 16ik = j, 0 < t < 3, 

x} be the interval semigroup of real quaternions of infinite 
order. 

S is non commutative and has zero divisors, idempotents 
and units. 

THEOREM 2.1: Let S - {ao + af + a?j + ajk I a t € [0, n) 0 <t 
<3, r - j 2 ~lc = ijk = n-1, ij - (n-l)ji = k, jk - (n-l)kj - i, ki 
= (n-l)ik = j, xj be the interval semigroup of real quaternions; 

(i) S is non commutative and is of infinite order. 

(ii) S has zero divisors, units and idempotents. 

(iii) S has subsemigroups of finite order. 

(iv) S has subsemigroups of infinite order. 

The proof is direct and hence left as an exercise to the 
reader. 

Example 2.6\ Let S = [a (l + a) + a 2 j + a 3 k I a t e [0, 42), 
i 2 = j 2 = k 2 = ijk = 41, ij = 41ji = k, jk = 41kj = i, ki = 41ik = j, 0 
< t < 3, x} be the real quaternion interval semigroup. S has 
units, zero divisors and idempotents. 

S has both finite and infinite subsemigroup. 

S is a Smarandache subsemigroup. For consider the table 
given by {i, j, k, (n-l)i, (n-l)k, (n-l)j, (n-1), 1}. 
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X 


1 


n-1 


(n-l)i 


(n-l)j 


(n-l)k 


i 


j 


k 


1 


1 


n-1 


(n-l)i 


(n-l)j 


(n-l)k 


i 


j 


k 


n-1 


n-1 


1 


i 


j 


k 


(n-l)i 


(n-l)j 


(n-l)k 


(n-l)i 


(n-l)i 


i 


(n-1) 


k 


(n— l)j 


1 


(n-l)k 


J 


(n — 1 )j 


(n-l)j 


j 


(n-l)k 


(n-1) 


i 


k 


1 


(n-l)i 


(n-l)k 


(n-l)k 


k 


j 


(n-l)i 


(n-1) 


(n-l)j 


i 


1 


i 


i 


(n-l)i 


1 


(n-l)k 


J 


(n-1) 


k 


(n — l)j 


j 


j 


( n — 1 )j 


k 


1 


(n-l)i 


(n-l)k 


(n-1) 


i 


k 


k 


(n-l)k 


(n-l)j 


i 


1 


j 


(n-l)i 


(n-1) 



Clearly this is a non commutative group of order 8. 

Inview of this we have the following theorem. 

THEOREM 2.2: Let S — {ao + uf + af + o f I a, £ [0, n) 
0 < t < 3, i 2 - j 2 - k 2 - ijk = n-1, ij = (n-l)ji - k, 
jk = (n-l)kj — i, ki = (n-l)ik - j, xj be the interval real 
quaternion semigroup. S is a Smaradache semigroup and 
G - {i, j, k, 1, (n-1), (n-l)i, (n-l)k, (n-l)jj c: S is a group of 
order 8 in S. 

Proof is direct and hence left as an exercise to the reader. 

Example 2.7 \ Let M = {a 0 + ap + a^j + a 3 k I a, e [0. 19), i 2 = j 2 
= k 2 = ijk - 18, ij - 18ji = k, jk = 18kj = i, ki = 18ik = j, 0 < t < 
3, x} be the interval real quaternions semigroup of infinite 
order. 
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Now we can build infinitely many group of interval real 
quaternions and semigroup of interval real quaternions. This 
situation described by the following examples. 

Example 2.8\ Let M = {(ai, a 2 , ..., as) a t g Q = {b 0 + bii + bp + 
b 3 k I b t g [0. 26), i 2 = j 2 = k 2 = ijk - 25, ij = 25ji = k, jk = 25kj 
= i, ki = 25ik = j, 0 < t < 3, +} be the group of interval real 
quaternions. 

M has subgroups of both finite and infinite order. 

Let N, = {(a!, 0, 0, 0, 0) I ai g Q = {b 0 + bp + bp + b 3 k I 
b t g [0, 26), i 2 = j 2 = k 2 - ijk - 25, ij = 25ji = k, jk = 25kj = i, 
ki = 25ik = j, +} c M, 



N 2 ={(0, a 2 , 0, 0, 0) I a 2 e Q) c M, 



N 3 = {(0, 0, a 3 , 0, 0) I a 3 £ Q, +) c M, 



N 4 = { (0, 0, 0, a 4 , 0) I a 4 g Q, + } c M and 

Ns = {(0, 0, 0, 0, as) I as g Q, +} c M are all interval 
quaternion subgroups of M and all of them are also normal 
subgroups of M. 

We see W = N, + N 2 + N 3 + N 4 + N s . 

Consider Pi = {(ai, 0, 0, 0, 0) I ai g [0, 26), +} c W, 



P 2 = {(0, a 2 , 0, 0, 0) I a 2 g [0, 26), +} c W, 



P 3 = {(0, 0, a 3 , 0, 0) I a 3 g [0, 26), +} c W, 



P 4 = {(0, 0, 0, a 4 , 0.) I a 4 g [0, 26), +} c W and 

Ps = {(0, 0, 0, 0, as) I as g [0, 26), +) c M are all interval 
subgroups of M and all of them are a normal subgroups of M as 
M is always commutative under +. 




Infinite Quaternion Pseudo Rings Using [0, n) 



105 



Clearly M ^ N) + N 2 + N 3 + N 4 + N 5 . 

Infact N] + N 2 + . . . + N 5 is only an interval subgroup of W 
and that subgroup is also a normal subgroup of W. 

Thus this group has several subgroups. 

Example 2.9: Let 

kl 

M = < , 2 aj g Q = {b 0 + bp + bp + b 3 k I b t e [0. 24), 

L a 9 J 

i 2 =j 2 = k 2 = ijk = 23, ij = 23ji = k, jk = 23kj = i, 

ki = 23ik = j, 0 < t < 3, 0 < i < 9, +} be the interval quaternion 
group of column matrices. 

M has subgroups all which are normal subgroups of M. 





a 2 g Q, +} cM, 



0 
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0 

0 



L 3 = 



a 3 

0 



a 3 g Q, + } and so on and 



0 



Lg - 



0 

0 

0 



ag g Q, +} be the subgroups of M. 



a 9 



L! + L 2 + . . . + L 9 = M is a direct sum. 



Example 2.10: Let 



M = 



... a„ 



a, n a, i ... a. 



... a. 



ai g {b 0 + bii + bij + b 3 k I 



b t g [0. 19), i 2 = j 2 = k 2 = ijk = 18, ij = 18ji = k, jk = 18kj = i, 
ki = 18ik = j} , 0 < i < 70, +} be the interval real quaternion 
group of infinite order. 

M has several subgroups which are normal. 
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Pi = 



aj 0 ... 0 

a 10 0 ... 0 



a 64 0 ... 0 



ai, aio, aig, a28, a37, a46, a53, 



a 64 e [0, 19)} c M, 



P,= 



0 a 2 0 ... 0 

0 a,, 0 ... 0 



0 a 65 0 ... 0 



a2, an, a2o, a29, a38, a 4 7, 



P3 = 



a 56 , a 65 e [0, 19)} cM, 



0 0 a 3 0 ... 0 

0 0 a 12 0 ... 0 



0 0 a 66 0 ... 0 



a3, an, a2i, a3o, a39, 



a 48 , a 57 , a 66 e [0, 19)} c M, 



P 4 = 



0 


0 


0 


a 4 


0 .. 


.. 0 


• • o 


0 


0 


a i3 


0 .. 


.. 0 


0 


0 


0 


a 67 


0 .. 


.. 0 



a 4 , an, a 22 , a3i, a 4 o, 



a 49 , a 58 , a 67 6 [0, 19)} c M and so on; 
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0 0 ... a 9 
0 0 ... a 18 

P 9 — i ■ . . &2, an, a2o, a29, a 3 8, a47, 

0 0 ... a 70 

a 56 , a 65 e[0, 19))cM 

be the collection of subgroups of M. 

Pi’s are only subgroups of M. 

Ol 

0 

ai g {{bo + bp + bij + b 3 k}, 

(ij 

b, g [0, 19), 0<t<3)cM, 

0 a 2 0 ... 01 

T 2 = t : : : : a 2 e { {b 0 + b,i + b^j + b 3 k I 

0 0 0 ... oj 

b t s [0, 19), 0<t<3)cM,,„, 

0 1 

: a 70 e[0,24)lcM 

a 70_ 



To o o ... 

T70 = < : : : 

[o 0 0 ... 




are all subgroups of M and all of them are normal subgroups of 
M. 
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We see Ti + T 2 + . . . + T 70 = V c M is only a subgroup of 
M. 

Such study is interesting and involves lot of properties. 

Example 2.11: Let 

a i a 2 a 3 

R=< a 4 a 5 a 6 a ; g {b 0 + bp + b^j + b 3 k I 
a 7 a 8 a 9 _ 

b t g [0. 16), 0 < t < 3}, 1 <i<9,+} 
be the interval group of real quaternions. 

R has subgroups and normal subgroups. 

aj 0 0 

T, = | 0 0 0 a, e Z l6 )cR 

[o 0 oj 

is only subgroup which is also a normal in R. 

Several such finite and infinite subgroups of R exist all of 
which are normal in R. 

Example 2.12: Let 




ai e {b 0 + bp + b-j + b 3 k I 
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b t g [0, 40), 0 < t < 30, i 2 = j 2 = k 2 - ijk - 39, ij - 39ji = k, jk = 
39kj = i, ki = 39ik = j. +} be the interval group of real 
quaternions. 



a , a 2 a 3 

0 0 0 

Let Pi - ) • • • ai, a 2 , a 3 g [0, 40), +} c V, 

|_o 0 oj 

Pi is a subgroup which is normal. 

a i a 2 a 3 

0 0 0 

LetB,= < . . . ai, a 2 , a 3 g {b 0 + bp + 

|_o 0 oj 

bp + b 3 k I b t g [0, 40), 0 < t < 30, + c V, 

B i is a subgroup of V and B i is a normal subgroup of V. 

Thus V has normal subgroups. All normal subgroup of V 
are of infinite order or infinite order. 

All the finite subgroups of V are normal. 

Inview of this we have the following theorem. 

THEOREM 2.3: Let V = /(fly) be a m xn matrix 1 <i <m and 1 
< j <n, a t j € {b 0 + bji + boj + b 3 k I b, g [0, s), 0 <t <3, +} be 
the interval group of real quaternions. 



( i) Every subgroup of V is normal. 
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(ii) Every normal subgroup of V is of finite or of infinite 
order. 



Proof is direct hence left as an exercise to the reader. 



Example 2.13: Let T = {(a! I a 3 I a 4 as) I aj g {b 0 + bji + bij + 
b 3 k I b t g [0, 10). 0 < t < 3, 1 < i < 5, +} be the interval group of 
real quaternions. 

T has atleast 5 Ci + 5 C 2 + ... + 5 C 5 number of infinite 
subgroups which are normal. 

We have atleast 5 Ci + + 5 C 2 + + 5 C 3 + + 5 C 4 number of 
subgroups of finite order which are normal. All subgroups are 
normal. 



Example 2.14: Let 

[ a i 1 

h. 

h. 

P=< a 4 a ; g {b 0 + bp + b-j + b 3 k I 

a s 

^6 

bt g [0. 40), 0<t<3, 1 <i<7, +} 

be the interval real group of real quaternions of super column 
matrices. 



P has subgroups of finite order say 
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Mi = 



a i 
02 
03 
< a 4 

o 5 

Ofi 

a 7 



ai g {b 0 + bji + b;j + b 3 k I b t g Z 43 , 



0 < t < 3, 1 < i < 7} 



M 2 = 



a ; g {bo + bii 



b 0 , bi g Z 43 , 1 < i < 7} 



M 3 = 



a; = {bo + b|j, bo, bi g Z 43 , 1 < i < 7} 
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- {b 0 + bik , b 0 , bi e Z 43 , 1 < i < 7} 



= {b 0 i + b,j , b 0 , bi e Z 43 , 1 < i < 7} 



= { b 0 i + bj, b 0 , b, g Z 43 , 1 < i < 7} 
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M 7 = 



a; = { b 0 i + b J, b 0 , bi e Z 43 , 1 < i < 7} 



are seven finite subgroups of P and are of finite order. 

Now we illustrate some semigroups of interval real 
quaternions and the properties associated with them. 

Example 2.15: Let S = { (a 4 , ..., a 8 ) I a ; e {b 0 + bp + bp + b 3 k I 
b t e [0, 12), 0 < t < 3, 1 < i < 8, x}be the semigroup of interval 
real quaternions. 

S is non commutative and has subsemigroups of both finite 
and infinite order. 

Example 2.16: Let S = { (a 0 + ap + a 2 j + a 3 k I a t e [0, 15), 0 < t 
< 3, i 2 = j 2 = k 2 = ijk = 14, ij = 14ji = k,jk= 14kj = i, ki = 14ik = 
j, x} be the interval real quaternion semigroup of infinite order. 

This has subsemigroups of both infinite and finite order 
which are not ideals only subsemigroups. 

Let Pi = {a I a e [0, 15) c S be a interval subsemigroup of 
infinite order and is not an ideal of S. 

P 2 = {a + bi I a, b e [0, 15), i 2 = 14} c S is again an interval 
subsemigroup of infiite order and is not an ideal of S. 

P 3 = {a + bj I a, b e [0, 15), x, j 2 = 14} is an interval 
subsemigroup of infinite order which is not an ideal. 
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P 4 = {a + bk I a, b g [0, 15)} c S is a subsemigroup of 
infinite order which is not an ideal. 

P 5 = {a I a g Z 15 } c S is a subsemigroup of finite order. 

P 6 = {a + bi I a, b g Z 15 } c S is also a subsemigroup of 
finite order. 

P 7 = {a + bj I a, b e Z 15 , j 2 = 14} c S is also a 
subsemigroup of finite order. 

P 8 = {a + bk I a, b g Z [5 } c S is a subsemigroup of finite 
order. 

P 9 = {a 0 + ap + ap + a 3 k I a t g Z 15 , 0 < t < 3} c S is a 
subsemigroup of finite order. None of these finite order 
subsemigroups or ideals of S. 

Example 2.17 : Let S = {(a!, a 2 , a 3 , a 4 , a 5 , a 6 ) I a ; g {b 0 + bp + 
bp + b 3 k I b t g [0, 9), 0 < t < 3, 1 < i < 6 , x} be the semigroup of 
infinite order. 

S is a interval row matrix real quaternion semigroup. 

Pi = {(ai, 0, 0, 0, 0, 0) I ai g {b 0 + bp + bp + b 3 k} with 
b, e [0, 9);0<t<3},x}cS, 

P 2 = {(0, a 2 , 0, 0, 0, 0) I a 2 e {b 0 + bp + b^j + b 3 k} with 
b, g [0, 9); 0 < t < 3}. x} cS, ..., 



P 6 = {(0, 0, ..., a 6 ) I a 6 g {b n + bp + boj + b 3 k I b, g [0. 9); 
0<t<3}, x}cS are all subsemigroups of infinite order and 
all of them are also ideals of S. 



P 12 = {(a], a 2 , 0, ..., 0) I ai, a 2 g {b 0 + bp + bp + b 3 k I b, g 
[0, 9);0<t<3}, xjcS and so on. 
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P 16 = { (ai, 0, 0, a 6 ) I ai, a 6 e {b 0 + b,i + bj + b 3 k I 

b t g [0, 9); and 

P 56 = {(0, 0, 0, 0, a 5 , a 6 ) I a 5 , a 6 e {b 0 + bii + b^j + b 3 k I 
b t g [0, 9);0<t<3j,xjcS are all subsemigroups of S which 
are also ideals of S. 

Thus S has atleast 6 C\ + (,C2 + ... + 6 C 5 number of 
subsemigroups which are also ideals of S. 

S has atleast 4( 6 Ci + 6 C 2 + ... + 6Ce) number of 
subsemigroups of finite order which are not ideals of S. 



Example 2.18: Let 







a i 




M = 




a 2 








_ a i5. 





a; G 



{bo + b,i + bij + b 3 k I b t g [0, 12), 



0<t<3}, 1 <i< 15, x n | 
be the interval semigroup of real quaternions. 



Ti = 



ai 

0 



ai g {b 0 + bii + bj + b 3 k I b t g 



0 



[0, 12),0<t<3,x n }cM, 






ai, a 3 , aio, a i5 g {b 0 + bii + 



bij + b 3 k I b t g Zi 5 , 0 < t < 3, x n } 



is a subsemigroup of M which is not an ideal of M. 
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We have atleast 15C1 + 15C2 + ... + 15C14 number of 
subsemigroups which are ideals of M. 

We have atleast 15C1 + 15C2 + ... + 15C15 number of finite 
subsemigroups which are not ideals. 

Example 2 . 19 : Let 

a i a 2 ••• a 5 

a 6 a 7 ••• a i0 

S = < a n a 12 ... a 15 a; g {b 0 + bp + bij + b 3 k I 

a i6 a i7 ••• a 20 

L a 21 a 22 •" a 25 J 

b t g [0, 25), 0 < t < 3}, 1 < i < 25, x n } 

be the interval semigroup of real quaternions semigroup of 
infinite order. 

S has atleast 25C1 + 25C2 + 25C3 + ... + 25C24 number of 
infinite order subsemigroups of S which are ideals. 

S has atleast 25C 1 + 25C2 + 25C3 + ■ • • + 25C24 + 25C25 number 
of finite order subsemigroup none of which are ideals of S. 

S has infinite number of zero divisors. S has only finite 
number of units and idempotents. 

Example 2 . 20 : Let 

a i a 2 a 3 a 4 

S = < , 5 , 6 , 7 , 8 a ; g {b 0 + b,i + bij + b 3 k I 

|_ a 45 a 46 a 47 a 48 J 

b t g [0, 11), 0 < t < 3}, 1 < i < 48, x n } 
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be the interval semigroup of real quaternions. N is non 
commutative and is of infinite order. N has ideals and 
subsemigroups which are not ideals. 

Ta, 0 0 Ol 
0 0 0 0 

Pi = < . . . . ai g {b 0 + bii + bij + bik I 

[o 0 0 Oj 

b t g Zn, 0 < t < 3, x n } 

is a subsemigroup of finite order which is not an ideal of N. 

We see N has atleast 48 Ci + 48 C 2 + 48 C 3 + . . . + 48 C 48 number 
of finite subsemigroup which are not ideals. 

N also has atleast 48 Ci + 48 C 2 + . . . + 48 C 47 number of infinite 
subsemigroup which are ideals. 

Let 

a, 0 a 2 0 

0 0 0 0 

B=< . . . . ai g Zn and a 2 s {b 0 + bii + 

|_0 0 0 oj 

b^j + b 3 k I b, g [0. 11), 0 < t < 3}, x n } c N 

be a subsemigroup of infinite order which is not an ideal. 

Thus N has several subsemigroups of infinite order which 
are not ideals of N. 

However N has infinite number of zero divisors but only 
finite number of units and idempotents. 
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Now having seen examples of semigroups and groups of 
interval real quaternions we now proceed onto define develop 
and describe the concept of pseudo interval ring of real 
quaternion. 

Definition 2.3: Let 

R = {cio + ap + a?j + 03 k I a, g [0, n), 0 < t < 3, +, x j be 
defined as the pseudo real quaternion interval ring. 

We know R under the operation “+ " is an abelian group. 

R under the operation x is a send group. 

Clearly a x(b + c) G a xb + a xc for all a, b, c g R; hence 
we call R as a pseudo real quaternion interval ring. 

R is of infinite order. 

Further R is non commutative. R has zero divisors and 
idempotents. 

We will illustrate this situation by some examples. 

Example 2.21: Let R = (a 0 + a|i + a 2 j + a 3 k I a t e [0. 6), 
0 < t < 3, i 2 = j 2 = k 2 = ijk = 5, ij = 5ji = k. jk = 5kj = i. ki = 5ik = 
j, +, x} be the pseudo real quaternion interval ring. o(R) = 00 . 

Consider x = 2i and y = 3j e R. 

xxy = 2ix3j = 0 (mod 6) 

and yxx = 3jx2i = 0 (mod 6); hence R has zero divisors. 

Consider 3 e R, 3x3 = 3 (mod 6) and 4 e R is such that 
4x4 = 4 (mod 6) thus R has idempotents. 



Now let (1.3i + 4.2j + 2.1k) = x and 
0.6i + 0.8k = y e R. 
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xx y = (1.3i + 4.2j + 2.1k) (0.6i + 0.8k) 

= 0.78 x i 2 + 2.52ji + 1.26 ki + 1.04ik + 

3.36jk+ 1.68k 2 

= 0.78 x 5 + 2.52 x 5k + 1.26 x j + 1.04 x 5 j + 

3.36 x i + 1.68 x 5 

= 3.90 + 12.60k + 1.26j + 5.20j + 3.36i + 8.40 
= 3.90 + 2.60k + 1.26j + 5.20j + 3.36i + 2.4 
= 0.3 + 2.60k + 0.46j + 3.36i ... I 

Consider y x x = 

(0.6i + 0.8k) x (1.3i + 4.2j + 2.1k) 

= 0.78 x 5 + 1.04j + 2.52k + 3.36 x 5i + 1.26 x 
5j + 1.68 x 5 

= 3.90 + 1.04j + 2.52k + 16.801 + 6.30j + 8.40 
= 1.34j + 2.52k + 4.80i + 0.30 ... II 

Clearly I and II are distinct hence R is a non commutative 
pseudo ring. 

Let x = 0.3i, y = 1.2j and z = 0.4j e R 

x x (y + z) = 0.3i x (1.2j + 0.4j) 

= 0.3i x 1.6j 

= 0.48k ... I 

Now x x y + x x z 

= 0.3i x 1.2j + 0.3i x 4j 
= 0.36ij + 0.12ij 

= 0. 48k ... II 



Hence I and II are identical so in this case the triple x, y, 
z g R satisfies the distributive law. 

A natural question is can the distributive law be true in case 
of every triple x,y,ze R. 
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Consider x = 5. li; y = 4.2k and z = 3.8k e R. 

Now x x (y + z) = 5. li x (4.2k + 3.8k) 

= 5.1ix2k 
= 10.2 ik = 10.2 x 5j 

= 3j ... I 

We now find 

x x y + x x z = 5. li x 4.2k + 5.1 ix 3.8k 
= 5 x 3.42 j + 1.38 x 5j 
= 1 7 . 1 Oj + 6.90j 
= 24j 

= 0 ... II 

I and II are distinct. 

Hence the distributive law is not true in case of R, thus R is 
only a pseudo ring. 

Example 2.22: Let 

R = {ao + ap + aij + a 3 k I a t e [0, 7), 0 < t < 3. +. x} be the 
pseudo real quaternion interval ring. Clearly o(R) = co and R is 
non commutative. 

R has zero divisors for if x = 3.5 and y = 2 e R then 
x x y = 0 (mod 7). 

Let x = 3.5i and y = (2k + 4j) e R. 

We see x x y = 0 (mod 7). 

Consider x = 3. li, y = 0.9j and z = 6. lj eR. 



x x (y + z) = 3. li x (0.9j + 6. lj) 

= 3.1 x 7 j 

= 0 (mod 7) ... I 
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Consider xxy + xxz = 3.1ix 0.9j + 3. li x 6. lj 
= 2.79ij + 4.9 lij 
= 2.79 k + 4.91 k 
= 0.7 (mod k) ... II 

I and II are distinct hence R is only a pseudo real quaternion 
interval ring. 

We see Pi = {a I a g [0, 7), +, x} is a pseudo interval 
subring of R. 

Clearly Pi is not an ideal of R. 

P 2 = {a 0 + ap I ao, ai e [0, 7). +. x} c R is again a pseudo 
interval subring of R which is not an ideal of R. Both Pi and P 2 
are commutative subrings of R. 

Let P 3 = {a 0 + aj I a 0 , a, e [0, 7), +, x} c R be again a 
interval pseudo subring of R and P 3 is also a commutative 
pseudo subring of R. 

Let P 4 = {b 0 + bjk I b 0 , bi g [0, 7)} cRbea pseudo interval 
subring of R which is commutative. 

Now 

Bi = {a 0 + ap + aoj + a 3 k I a, g Z 7 , 0 < t < 3k. +, x} c R is a 
subring of R which is only a real quarternion finite ring which is 
not pseudo. 

B 2 = {a 0 + ap I a 0 , ai s Z 7 , +, x}is a subring of R of finite 
order which is not pseudo. 



B 3 = { a 0 + a 1 j I a 0 , ai g Z 7 . +. x}be a subring of R of finite 
order which is not pseudo. 

B 4 = {a 0 + a 3 k I ao, a 2 g Z 7 , +, x}be a subring of R of finite 
order which is not pseudo. 
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Now Bi, B 2 . B 3 and B 4 are not ideals of R only subrings. 

We give more examples. 

Example 2.23: Let R = {ao + ap + a^j + a 3 k I a t e [0, 12), i 2 = j 2 
= k 2 = ijk = 1 1, ij = 1 lji = k, jk = 1 lkj = i, ki = 1 lik = j, 0 < t < 
3, +, x} be the pseudo interval real quaternion ring of infinite 
order. R is non commutative. R has zero divisors, units and 
idempotents. 

It is left as an open conjecture whether pseudo interval real 
quaternions rings contains proper ideals? 

Can R have right ideals which are not left ideals? 

Study in this direction is innovative and interesting. 

We can build matrix pseudo interval real quaternion rings 
which will be described by examples. 

Example 2.24: Let 







a i 




M = 




a 2 








_ a i8_ 





a; G 



{b 0 + b,i + bbj + b 3 k I b t e [0, 11), 



0 < t < 3}, i 2 = j 2 - k 2 = ijk = 10, ij = lOji = k, jk = lOkj = i, 

ki = lOik = j, +, x n } 



be the pseudo column matrix and real quaternion ring of infinite 
order. 

M is non commutative M has pseudo subrings of infinite 
order which are not ideals. 
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~ a i " 




For P - • 




•• o o J" 








0 








_ a i8_ 





ai, a 2 e [0, 1 1) and ai 8 e {b 0 + bii I 



b 0 , bi g [0, 11)}, +, x n } 



is only a pseudo subring which is not an ideal of M. Clearly P 
is of infinite order. 



Example 2.25: Let 







a i 


a 2 


a 3 




M = • 




a 4 


a 5 


a 6 








_ a 28 


a 29 


a 30 . 





Pnc 



(bo + b i i + b?j + b 3 k I 



b t g C«[0, 7) u I», 0 < t < 3, +, x}; 1 < j < 30, +, x n } 

be the pseudo interval neutrosophic complex finite modulo 
integer real quaternion ring. IMI = go. 

M is non commutative. 

M has atleast 3( 30 Ci + 30 C 2 + ... + 3 oC 2 9 +1) number of 
finite order subring of real quaternions which are not pseudo. 

M has atleast 30 Ci + 3 oC 2 + . . . + 30 C 2 g number of subrings of 
infinite order which are pseudo. 
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Apart from this M has pseudo subrings of infinite order 
which are not ideals the above said 30 Ci + 30C2 + ... + 30C29 
number of pseudo rings are also ideals of M. 

Let 



a, 0 0 

0 0 0 



ai e Pnc} c M 



0 0 0 



is a pseudo subrings which is also a pseudo ideal of M. M has 
infinite number of zero divisors and only finite number of 
idempotents and units. 

Example 2.26: Let 



W = \ 



Pn — {bo + bji + bij + b 3 k I 



b, g <[0, 7) u I). 0 < t < 3, 1 < p < 10, +, x}; +, x n } 



be the pseudo interval neutrosophic finite real quaternion ring of 
super column matrices. 
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Clearly W is non commutative and is of infinite order. W 
has both commutative rings of finite and infinite order. 

W has atleast i 0 Ci + 10 C 2 + ... + 10 C 9 number of pseudo 
ideals. 

Further W has atleast 

5(ioCi + 10 C 2 + ... + 10 C 9 + 10 C 10 ) number of finite subrings 
which are not pseudo and are not ideals of W. 

Example 2.27: Let M = {(a! I a 2 a 3 I a 4 I a 5 a 6 a 7 I a 8 ) I a, e P c = 
{b 0 + bp + boj + b 3 k I b, e C([0, 12)); 0 < t < 3, +, x} be the 
pseudo interval complex modulo finite integer real quaternion 
super row matrix ring. o(M) = 00 . 

M is non commutative but has commutative subrings of 
both finite and infinite order. 

Now we can use the pseudo interval quaternion ring to build 
group pseudo interval rings. 

Let R be the pseudo interval ring R = {[0. n), +, x}. G be 
any group 



RG= |£a lgl ; n< 00 , a; e [0. n), g ; e G; +, x} under usual 

+ and x is a pseudo interval ring defined as the pseudo interval 
group ring. 

We will first illustrate this situation by some examples. 

Example 2.28: Let R = [[0, 5), +. x} be the pseudo interval 
ring. G = S 3 the permutation group. RG be the pseudo interval 
group ring. RG is of infinite order. 



Let x = 0.35pi + 2. 1 p 2 + 4.5 
and y = 2p 3 + 4pi + 1 e RG. 
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where pi 



1 

vl 



2 3 

3 2 



•P2 = 



' 1 2 
v 3 2 



3" 

1 / 



P3 



"1 2 3 " 
v 2 1 3 y 



S 3 . 



x x y = (0.35pi + 2. lp 2 + 4.5) x (2p 3 + 4pi + 1) 

= 1.4 pf + 8.4p 2 pi + 18pi + 0.7pip 3 + 4.2p 2 p 3 + 9p 3 + 

0.35pi + 2.1p 2 + 4.5 

= 1.4 + 3p4 + 3pi + 0.35 pi + 2.1p 2 + 4p 3 + 4.5 + 

0.7p 4 + 4.2p 5 

— 0.9 + 3.35pi + 3.7p 4 + 2.1p 2 + 4p3 + 4.2p5 

It is easily verified RS 3 = RG is only a pseudo interval ring. 
RG has zero divisors, units and idempotents. RG has pseudo 
ideals and finite subrings. RG is non commutative. 

Example 2.29: Let R = {[0, 6), +, x} be the pseudo interval 
ring G = {g I g 5 = 1 } be the cyclic group of order 5. RG be the 
pseudo interval group ring. 

Clearly G c RG and R c RG. 

RG is a commutative pseudo ring. RG has units, zero 
divisors and idempotents. 

Let x = 3.7g 2 + 4.8g + 1.3 and 
y = 4g 4 + 3g 2 + 2g + 5 e RG. 

x + y = (3.7g 2 + 4.8g + 1.3) + 4g 4 + 3g 2 + 2g + 5 

= 4g 4 + 3g 2 + 2g + 5 

= 4g 4 + 0.7g 2 + 0.8g + 0.3 e RG. 
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x x y = (3.7g 2 + 4.8g + 1.3) (4g 4 + 3g 2 + 2g + 5) 

= 14.8g 6 + 15. 2g 5 + 5.2g 4 + ll.lg 4 + 14.4g 3 
+ 3.9g 2 + 7.4g 3 + 5.6g 2 + 2.6g + 18.5g 2 + 24.0g 
+ 6.5 (mod 6). 

(using the fact g 5 = 1 we get) 

= 4.8g + 3.2g 5 + 5.2g 4 + 5.1g 4 + 2.4g 3 + 3.9g 2 
+ 1.4g 3 + 5.6g 2 + 2.6g + 0.5g 2 + 0 + 0.5 

= 3.2g 5 + 4.3g 4 + 3.8g 3 + 4g 2 + 1.4g + 0.5 e RG. 

This is the way product is defined. RG is an infinite 
commutative pseudo interval ring which has zero divisors and 
units. 

This has subrings and subrings which are not ideals are also 
in RG. R cz RG and G c: RG. 

Example 2.30: Let B = {([0, 9) u I), +. x} be the pseudo 
interval neutrosophic ring. G = S 4 . BG is the pseudo interval 
neutrosophic group ring. BG is non commutative and has units 
and zero divisors. 

B cz BG and G c; BG. IBGI = go. 

Example 2.31: Let B = {([0, 28) u I), +. x} be the pseudo 
interval neutrosophic ring. G = D 2 n be the dihedral group. MG 
be the group ring of G over M. 

M has zero divisors and is non commutative and is of 
infinite order. 

Example 2.32: Let 



B = 




g 1 e D 2 ,7 and a; e C«[0, 7) u I» 
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be the pseudo group ring of the group G over the pseudo 
interval ring C([0, 7) u I)) be the pseudo group ring of the 
group G over the pseudo interval ring {C([0, 7) u I)), x, +}. 

Example 2.33: Let B = {C([0, 12)), +, x} be the pseudo 

interval complex modulo integer ring. 

G = S 7 be the symmetric group of degree 7. BS 7 be the 
interval pseudo group ring. 

Example 2.34: Let M = C(([0, 17) u I)), +, x} be the pseudo 
interval ring of finite complex neutrosophic integer number. 
G = D 2 j x S 5 be the group. 

MG be the pseudo interval group ring. MG has zero 
divisors, units and idempotents. 

Now we proceed onto define the notion group ring using 
pseudo interval real quaternion rings. 

Let P denote the pseudo interval ring of real quaternions, P c 
the pseudo interval complex modulo integer ring of real 
quaternions. 

P N the pseudo interval ring of neutrosophic real quaternions. 

Pnc the pseudo interval complex modulo integer 
neutrosophic ring of real quaternions. 

Now using P or P c or P N or P NC we can build group rings 
using pseudo interval rings of real quaternions. 

This will be illustrated by some examples. 

Example 2.35: Let PG be the pseudo interval group ring of 
finite real quaternions, where 
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P = {b 0 + bp + bp + b 3 k I b t e [0, 3), 0 < t < 3, +, x} and 
G = <g I g 7 = 1) be the group. 

Example 2.36: Let 

P = {ao + ap + ap + a 3 k I a t e [0, 9), 0 < t < 3, +, x} be the 
pseudo interval ring. G = S 5 . 



ps 5 =|i;d 1 g i 



gi g S 5 and dj e P} 



be the pseudo interval group ring of real quaternions. PS 5 is non 
commutative and has zero divisors, units and idempotents. 

Example 2.37: Let 

P c = {a 0 + ap + ap + a 3 k I a t e [0, 15). 0 < t < 3, +, x} 

be the pseudo interval complex modulo integer real quaternion 
ring. G = { g I g 12 = 1 } be the cyclic group of order 12. 

PcG be the pseudo group rig of interval modulo integer 
complex real quaternios of the group G over P c . 

Example 2.38: Let 

P N = {a 0 + ap + ap + a 3 k I a t e ([0. 23) u I). +, x} 
be the interval pseudo neutrosophic ring of real quaternions. 

G = D 2 j be the dihedral group. 

P n G be the group ring of G over P N . P N G has zero divisors, 
units and idemponents. 

Study in this direction is routine but interesting and 
innovative. 
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Example 2.39: Let 

Pnc — ( a o + a ii + a d + a 3k I a t g ([0, 21) u I), +, x} 

be the neutrosophic complex modulo integer interval pseudo 
ring of real quaternions. G = D 2 j be the dihedral group. 

PncG be the pseudo interval complex modulo integer 
neutrosophic real quaternion group ring of the group G over the 
pseudo interval ring P NC of real modulo finite complex 
neutrosophic quaternions. 

Next we proceed onto give examples of pseudo interval 
semigroup ring. 

Example 2.40: Let R = {[0, 42), +, x} be the pseudo interval 
ring. S = {d I d g Z 42 , x} be the semigroup. 



RS = 




n < 8, d ; g Z 42 , do = 0, a* g R; +, x} 



be the pseudo interval semigroup ring of the semigroup S over 
the pseudo ring R. 

Example 2.41: Let R = {C[0, 31), +, x} be the pseudo interval 
ring complex modulo integer ring. S = S(4) be the symmetric 
semigroup of (1 2 3 4). 



rs = jz a i s i 



S; g S and a ; g R, +, x } 



be the pseudo interval complex modulo integer semigroup ring. 
RS has zero divisors units and idempotents. 



R a RS and S a RS. 




Infinite Quaternion Pseudo Rings Using [0, n) \ 133 



Example 2.42: Let B = {([0, 92) u I), +, x} be the interval 
pseudo neutrosophic integer ring. G = {Z l92 , x} be the 
semigroup BG the interval pseudo neutrosophic semigroup ring 
BG has zero divisors, units and idempotents. 

G = {Z 192 , x} be the semigroup BG the interval pseudo 
neutrosophic semigroup ring BG has zero divisors, units and 
idempotents. 

Example 2.43: Let L = {C«[0, 7) u I), +, x} be the pseudo 
interval integer ring of complex finite modulo integer 
neutrosophic numbers. S = S(4) be the symmetric semigroup of 
degree four. LS be the semigroup ring of interval complex 
modulo integer neutrosophic numbers. 

LS is a Smarandache ring. 



Example 2.44: Let 

P = {a 0 + ap + aij + ask I a t e [0, 15), 0 < t < 3, +, x} be the 
pseudo interval finite real quaternion ring. S = S(7) be the 
symmetric semigroup. PS be the pseudo interval finite real 
quaternion semigroup ring of the semigroup S over the pseudo 
ring P. PS has zero divisors and units. 

Example 2.45: Let 

P c = {ao + aq + a^j + a 3 k I a, e C([0, 18)), 0 < t < 3, +, x} be the 
pseudo interval complex modulo integer finite real quaternion 
ring. 

S = {Zi 5 , x} be the semigroup. P C S be the pseudo interval 
semigroup ring of real quaternions of complex modulo integers. 
PcS has zero divisors, units and idempotents. 

Example 2.46: Let 

Pn = {ao + ap + aij + a 3 k I a t e ([0, 24) u I) and 0 < t < 3, +, x} 
be the pseudo interval neutrosophic real quaternion ring. Let S 
= S(6) be the symmetric semigroup on (1 2 3 4 5 6). 
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P N S be the pseudo interval neutrosophic real quaternion 
semigroup ring of S over P N . 

Example 2.47: Let 

P c = {a 0 + ap + a^j + a 3 k I a t e C([0, 24)) u I), 0 < i < 3, ip 

= 23, +, x} be the pseudo interval finite complex modulo integer 
ring of real quaternions. 



S = {Z 42 , x} is be the semigroup under product. 



P C S = 




go = 0, gi = 1. g 2 = 2 and so on g 4 i = 41; 



and a; e P c ; 0 < i < 41} be the semigroup S over the interval 
complex modulo integer quaternion pseudo interval ring P c , the 
semigroup S. 



P C S is non commutative semigroup pseudo ring with zero 
divisors, units and idempotents. P C S has subrings which are not 
ideals as well as subrings which arc ideals. 



Let x = 13.7i F gio + 10.3g 4 + 20.4g 2 + 12.5j + 10k 

and y = (2i + 4j) g 5 + (5i + lOj + 20k)g 6 + 4j + lOi 
+ 5k + 20 e P C S. 

x x y = (13.7i F gi 0 + 10.3g 4 + 20.4g 2 + 12. 5j + 10k)) 
x (2i + 4j)g 5 + (5i + lOj + 20k) g 6 + 4j + lOi 
+ 5k + 20 

= (27.4i F i + 16.8i F j)g8 + (20. 6i + 3j) g 2 o + 

(16. 8i + 9.6j) gio + (9.5k + 20j + 22 + 8i) g 5 + 
(20.5iip + 1 7j ip + 10ipk) gig + 

(3.5i + 7j + 14k)g 0 + . . . + 8k + 22 e P C S. 

This is the way product is performed on P C S. 



Infact P C S has zero divisors. 
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For take x = (12i + 6jip) gio and 
y = (4ji F + 8i F k) g 12 + 12g 5 g P C S. 

We see x x y = 0 

Infact we have several zero divisors in P C S. 

Clearly S c P C S and P c cz P C S. Product is a matter of 
routine as in case of usual semigroup rings. Only distributive 
law is not true leading us to call them as pseudo ring. 

Example 2.48: Let P N = {ao + ap + a 2 j + a 3 k I a t g <[0, 19) u I), 
0 < t < 3, +. x} be the pseudo interval neutrosophic finite real 
quaternion ring. 

S = S(3) be the symmetric semigroup. P N S(3) be the pseudo 
interval neutrosophic finite real quaternion semigroup ring. 
P n S( 3) is no commutative has zero divisors and units. 

Example 2.49 : Let P NC = {b 0 + b|i + b 2 j + b 3 k I b t g C(([0. 4) u 
I)), 0 < t < 3, +, x} be the pseudo interval finite complex 
modulo integer neutrosophic real quaternion ring. S = {Z [2 , x} 
be the semigroup. PncS be the semigroup ring which is a 
pseudo interval neutrosophic semigroup ring. 

Example 2.50: Let Z be the ring of integers. G = { a 0 + a i i + a 2 j 
+ a 3 k I a t g [0, 5), 0 < t < 3, i 2 = j 2 = k 2 = ijk = 4, 
ij = 4ji = k, jk = 4kj = i, ki = 4ik = j. x} be the semigroup. ZG 
be the semigroup ring of the semigroup G over the ring Z. 

Clearly this is the semigroup of real finite quaternion. 



Let x = 2 (0.3 + 4.2i + 3.4j + 2.4k) + 3 and 



y = 4 + 2 (2i + 3j) g ZG. 
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x X y = 8 (0.3 + 4.2i + 3.4j + 2.4k) + 12 

+ 14 (0.6i + 8.4 x 4 + 6.8ji + 4.8ki + 0.9j 
+ 12.6ij + 10.2j 2 + 7.2kj) 3(0.3 + 4.2i + 3.4j 
+ 2.4k) + 2 + 4 (0.6i + 3.6 + 2.2k + 4.8j + 0.9j 
+ 2.6k + 0.8 + 3.8i) 

= (0.9 + 2 + 4.4 + 0.8) + (2.6 + 2.4 + 3.8)1 

+ (0.2 + 4.8 + 0.9)j + (2.2 + 2.2 + 2.6)k 

= 3.1 + 3.8i + 0.9j + 2k g ZG. 

This is the way product is performed. 



Example 2.51: Let R = Z [2 and 

S = {ao + ap + aij + a 3 k I a t e ([0, 3) ul),x} 

be the ring of modulo integers and interval neutrosophic real 
finite quaternion semigroup respectively. 

RS be the semigroup ring. RS is of infinite order. 

By this way we can built real quaternion semigroup rings of 
complex finite modulo integers 

P c = {a 0 + ap + a^j + a 3 k I a, e C([0, 8)), 0 < t < 3, x} be the 
interval semigroup of complex real quaternions. 

Pnc = {ao + ap + a*j + a 3 k I a t e C(([0. 10) u I»; 0 < t < 3, 
x} be the interval semigroup of complex neutrosophic real 
quaternions. 

Using them we can build semigroup rings. 



We proceed onto suggest some problems for the reader. 
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Problems 



1. Study the special features associated with interval 
group; G = {a 0 + ap + ap + a 3 k I a t e [0, m); 

0 < t < 3, i 2 = j 2 = k 2 = ijk = (m-1), ij = (m-l)ji = k, jk = 
(rn-l)kj = i, ki = (m-l)ik = j, +} 

2. Find all finite subgroups of G in problem 1 where 
m = pi‘P2 2 ...p* r ; r < m, tj > 1, pi’s are distinct prime 

1 < i < r. 

3. Does G have subgroups of infinite order? 

4. What is the subgroup in S n (S„ the infinite symmetric 
group) which is isomorphic to G in problem (1) when m 
in G takes the values m = 2, m = 3, . . .? 

5. Let G = { ao + ap + a^j + a 3 k I a t e [0, 8); 0 < t < 3, i 2 = j 2 
= k 2 = ijk = 7, ij = 7ji = k, jk = 7kj = i, ki = 7ik = j, +} 
be the group. 

Find a S(n) in which G is a subgroup. 

6. Prove an interval group of real quaternions has 
subgroups which are of finite order and characterize 
them. 

7. Find the special features enjoyed by interval complex 
modulo integer real quaternion groups 
B = {a 0 + ap + ap + a 3 k I a t e C«[0, n))); 0 < t < 3, + }. 



(i) Characterize subgroups of B . 

(ii) Characterize all subgroups of B finite order. 

(iii) Find any other special features enjoyed by B . 
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8. Let M = {ao + aii + a^ + a 3 k I a t e C(([0, n) u I); 
0 < t < 3, +} be the interval group of neutrosophic 
complex modulo integer real quaternions. 

Study questions (i) to (iii) of problem 7 for this M. 



9. Let N = {a 0 + ap + aoj + a 3 k I a, e C«[0, n) u I); 
0 < t < 3, +} be the interval group of complex 
neutrosophic real quaternion group. 

Study questions (i) to (iii) of problem 7 for this N. 



10. Let T = {(a b a 2 , ..., a 10 ) I a, e {b 0 + b,i + bq + b 3 k 
where b r e [0, 15), 0 < r < 3}; 1 < t < 10, +} be the 
interval group of real quaternion. 

Study questions (i) to (iii) of problem 7 for this T. 







1 




11. LetS = < 




a 2 








1 

to 





{b 0 + bii + bbj + b 3 k I b m e 



([0, 23) u I), 0 < nr < 3; 0 < t < 12, +} be the interval 
group of neutrosophic real quaternions. 



Study questions (i) to (iii) of problem 7 for this S. 
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12. Let V = 



... a„ 



... a. 



... a. 



a t e {b 0 + bp + bp + 



b 3 k I b m g C(([0, 5) u I)); 0 < m < 3; 0 < t < 70, +} be 
the interval complex neutrosophic real quaternion group 
under +. 



Study questions (i) to (iii) of problem 7 for this V. 




{bo + bp + bp + 



b 3 k I b m g C([0, 27)); 0 < nr < 3; 1 < t < 16, +} be the 
interval group of complex real quaternions. 

Study questions (i) to (iii) of problem 7 for this S. 



r 


/ 






„ \ 


14. Let T = \ 


a i a 2 


^3 ^4 ^5 


a 6 


a 7 a 8 a 9 


I' 


V a iO 






J 



g {b 0 + bp + bp + b 3 k I b m g C([0, 29)); 0 < nr < 3; 
1 < t < 18, +} be the interval group of complex real 
quaternions. 



Study questions (i) to (iii) of problem 7 for this T. 




